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ABSTRACT 
 
The viscoelastic modulus of hot-mix asphalt (HMA) such as the complex modulus, E*, is 
an essential material parameter for better paving mixture design and asphalt pavement design. 
Under certain circumstances, it is desirable that a reasonable modulus value of certain HMA 
mixtures be estimated for this purpose. Empirical and semi empirical models have been proposed 
and used. However, these non-fundamental approaches have significant drawbacks, particularly 
with application of the model for materials that vary from those used in the calibration of the 
model, and their reliance on large calibration data sets, which led to introducing some fuzzy 
factors in their predictions. In order to overcome the limitations of an empirical approach, a 
fundamental micromechanics modeling framework based on the differential scheme effective 
medium theory has been developed and introduced herein. To verify and validate the prediction 
accuracy and applicability, a series of various asphalt-aggregate mixtures starting from the 
homogeneous asphalt binder phase up to a very highly packed composite of dense HMA 
mixtures were produced in the lab by progressively increasing the aggregate volume 
concentration in the composite from 0 to nearly 0.9. These various mixtures were tested in the 
Hollow Cylinder Tensile Tester (HCT) to obtain the extensional complex modulus (E*) at three 
low temperatures within -25 to 5 oC range and at various loading frequencies from 10 Hz to 0.01 
Hz. Comparisons between the model predicted E* and the experimental E* showed good 
agreement with reasonable accuracies. Remaining challenges for the practical implementation of 
the proposed model such as the applicability at intermediate to high temperature materials 
property prediction and particle orientation effects were discussed based on the analysis and 
additional model predictions for an independent experimental data set. 
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CHAPTER 1 INTRODUCTION 
 
1.1 Background 
 
Asphalt cement concrete, also known as Hot-Mix asphalt (HMA) concrete, has 
long been used as a primary paving material for modern paved road. The history of using 
asphalt concrete in modern pavements dates back to far more than a century when the 
first compacted asphalt pavement was constructed in London in 1869 followed by the 
first US asphalt roadway laid in Newark, NJ in 1870 [Asphalt Institute 1989]. Since then, 
a better asphalt mixture and pavement design method has been sought to guarantee the 
acceptable long-term performance (durability) of the asphalt paved roads. A successful 
design of a good performing road requires several mechanical and environmental 
considerations/ understandings at multiple length scale ranges from macro to micro level. 
In other words, it is necessary to establish a link between a pavement and its constituting 
HMA mixture and a link between the mechanical property of the HMA mixture and that 
of its constituents such as asphalt binder and mineral aggregate particles. However, these 
links have not been thoroughly investigated until recently.  
At the early stage of the asphalt paving, the material selection and design 
procedure was based mostly on a rule-of-thumb method like ‘chewing’ the asphalt 
cement or ‘penetrating’ the asphalt cement with a sewing needle [Roberts et al. 1996]. 
Since then, several empirical material parameters and design procedures such as Hveem 
and Marshall Methods (ASTM D 1560 and ASTM D 1559, respectively), have been 
attempted during the last century to ensure the performance of a pavement by controlling 
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the HMA mixture. These methods are primarily based on stability and density/voids 
analyses of a laboratory prepared HMA mixture, which are phenomenological mixture 
properties to roughly estimate the durability of an HMA concrete in-service. 
Consequently, the link between the HMA’s material property and the long-term 
performance of the pavement has been indirect.  
Within the last decade, there has been a movement towards using more 
fundamental mechanical properties for HMA mixture design. The recently released 
FHWA Mechanistic-Empirical Pavement Design Guide (MEPDG) [NCHRP Project 1-
37A Final Report 2004], for example, employs the complex modulus of asphalt concrete 
in compression, (E*), as a central mixture parameter for designs. The E* is a direct 
measure of stress-strain behavior of linear viscoelastic materials under a uniform repeated 
sinusoidal loading. This loading condition better simulates the actual vehicle loadings 
that a pavement experiences in field than a static or uniformly increasing loading does. 
Therefore, E* is regarded as a better material property to be used as an HMA mix design 
parameter to ensure the satisfactory performance of new and rehabilitated asphalt 
pavements.  
The E* of asphalt mixture can be obtained either from laboratory testings or by 
using an appropriate prediction model depending on the importance of a roadway being 
designed. The MEPDG specifically uses different hierarchical levels (Level I, II, and III) 
to determine the E* of HMA mixtures for design. For the highest level of accuracy 
(Level I), the E* is obtained from laboratory testings. For the lower hierarchical levels 
(Level II and III), the E* can be predicted using the available predictive material models 
so that the time and cost involved in the design process can be reduced. The empirical E* 
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predictive equation originally proposed by Witczak and Fonseca [1996], and then revised 
by Andrei et al. [1999] has been adopted in the MEPDG. This nonlinear regression model 
is based on an accumulated database of 2,750 E* measurements over 30 years and is 
capable of predicting the E* of an asphalt mixture based upon volumetric mixture 
parameters and the viscosity of the asphalt cement.  
One critique on this empirical model, however, is that the aggregate modulus is 
not used in the HMA E* prediction as an input variable. Instead, the model uses various 
non-fundamental parameters such as cumulative weight percentages of aggregates on 
selected sieves. Since the aggregate particles form a dominant component phase in the 
HMA mixture, missing the aggregate modulus information in predicting the overall 
mixture E* will result in identical prediction results when two different sources of 
aggregates with different moduli but same gradations are analyzed. Another disadvantage 
is that the empirical models require a significant degree of calibration, which is 
accomplished by introducing phenomenological terms. Furthermore, adaptation of the 
model to a different class of material would necessitate recalibrations. Overall, the link 
between the HMA mixture property and the individual constituent properties at the micro 
level employed in the MEPDG is not robust and does not provide insight towards the 
fundamental mechanisms behind stiffening of heterogeneous composite material systems 
like HMA mixtures.  
An HMA mixture is typically composed of mineral aggregate particles spanning a 
broad size range, a continuous matrix of asphalt binder, and a small amount of air voids. 
A material with this composition is typically described as a particulate composite, which, 
macroscopically, can often be treated as a homogeneous and isotropic continuum with 
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“effective” properties. If we look into the material more closely down to the length scale 
of its individual component phases, the HMA concrete is no longer homogeneous or 
isotropic. It is clear that these individual components interact with each other and, in 
combination, contribute to the effective mechanical behavior observed at the macroscopic 
scale.  
Arithmetic averaging techniques can be used to calculate averaged macroscopic 
material properties. The simplest form is the ‘rule of mixtures,’ which Davis [1999] 
describes as “the most notorious means of obtaining predictions of blended material 
properties,” since the method over simplifies the morphology of the heterogeneous 
material system (i.e., series or parallel arrangement of individual phases) and only 
considers a volumetric description of the mixture. An advanced approach based on the 
rule of mixtures and by combining both series and parallel elements in a structure has 
been also proposed. The Hirsch model [Hirsch 1962] is an example, and several other 
variations and modifications have been introduced by Christensen et al. [Christensen et al. 
2003] for use with asphalt mixtures. Garcia and Thompson’s review [2007] on the 
Witczak’ predictive equation and the Hirsch model shows that the Hirsch model with 
much less number of input variables predicts HMA E* values as accurate as the 
Witczak’s model predictions. However, similar to other empirical models, the Hirsch 
model utilizes very little morphological information; ignores the modulus of the 
aggregate and the Poisson’s ratio of binder and aggregate; and does not provide insight 
towards fundamental mechanisms behind stiffening.  
A more rigorous way of studying the phenomena is micromechanics. 
Micromechanics can solve such a heterogeneous material problem by taking into account 
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the stress or strain disturbance due to the presence of inhomogeneity in a homogeneous 
medium on the basis of the theoretical mechanics. A great deal of subjects in 
micromechanics has been well established for the analysis of multi-phase particulate 
composites. Therefore, it is logical to assume that some of the available micromechanics 
theories can be applied as a fundamental basis for developing an HMA mixture property 
modeling framework. This fundamental tool has a number of advantageous features, and 
can be envisioned to supplement and eventually replace the current empirical link 
between effective mixture property and the properties of individual constituents in the 
near future. 
 
1.2 Problem Statement 
 
Despite recent advances in asphalt pavement and mixture design methodologies 
introduced in the recently completed MEPDG, there is still a great need for analytical 
tools, which can reduce the empiricism present in the current link between the HMA 
mixture properties and those of its constituents. A rigorous method for estimating the 
overall homogeneous mixture property from the individual component properties is 
provided by the field of micromechanics, which has a foundation in continuum solid 
mechanics. Micromechanics has provided powerful solutions to inhomogeneity problems 
in several engineering fields such as metallurgy, ceramics, filled polymer systems, etc. 
over the past half century.  
There have been several attempts to apply micromechanics in the study of the 
mechanical behavior of heterogeneous HMA mixtures over the last two decades. 
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Excluding bounding methods, which yield upper and lower ‘bounds’ of effective 
properties instead of closed form solutions, the theories that have been applied to HMA 
mixtures include; the Generalized Self Consistent Scheme (GSCS) [Buttlar 1996, Buttlar 
and Roque 1997, Buttlar et al. 1999, Shashidahar and Shenoy 2002]; the Mori-Tanaka 
Method (MTM) [Buttlar 1996, Buttlar et al. 1999, Lackner et al. 2005]; and the Self 
Consistent Scheme (SCS) [Yin et al. 2008]. However, these models found to have little 
physical meaning for asphalt mixtures or possibly cannot be applied when the volume 
concentration of particles exceeds a given range, which is typically much lower than the 
volume concentration of aggregates in typical asphalt concrete mixtures. Nevertheless, a 
fundamental HMA mixture property modeling framework is highly desirable for the 
continued advancement of asphalt material engineering and movement towards less 
empiricism in pavement design. 
 
1.3 Objective and Proposed Study Tasks 
 
The main objective of this study is to build a new HMA mixture property 
modeling framework, which is derived from fundamental theories in micromechanics. In 
order to accomplish the main objective of this study, the following tasks were proposed. 
 
1) Explore available micromechanics theories, which are pertinent to the 
composition of HMA mixtures, through literature review 
2) Identify the most promising micromechanics theories for predicting the 
viscoelastic properties of HMA mixtures 
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3) Develop a readily implementable HMA mixture property modeling 
framework based on the identified micromechanics theory 
4) Perform laboratory experiments to measure the complex modulus of various 
asphalt-aggregate mixtures ranging from binders, to mastics, to sand-asphalt 
mixtures, to dense graded HMA 
5) Evaluate the prediction accuracy of the developed modeling framework by 
comparing with the measured moduli of various HMA mixtures and those 
obtained by using the semi-empirical Hirsch model 
6) Validation of the developed modeling framework using independent 
measurements to identify limitations of the model and to identify the future 
research needs 
 
1.4 Hypotheses 
 
According to the main objective of the study, the following hypothesis is tested: 
 
“A particulate composite micromechanics theory based upon continuum 
mechanics of solids can be derived and used to predict viscoelastic effective mixture 
properties of hot-mix asphalt (HMA) concrete with reasonable accuracy considering 
inherent measurement variability.” 
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1.5 Scope and Overview 
 
A complete scientific analysis of an HMA concrete pavement would require a 
multiscale modeling scheme, which considers both material modeling at the bench scale 
and structural modeling at the structural scale. The focus of this study, however, is in the 
area of material modeling for predicting effective viscoelastic properties of HMA 
mixtures. Thus, no further discussions on the structural response or performance of 
pavements are made. HMA mixtures are assumed to be linear viscoelastic; and therefore, 
the particular interest of the study is on effective HMA mixture properties in the low 
pavement service temperature regime. As the objective of this study is to build a 
theoretically fundamental HMA mixture modeling framework, no further details and in-
depth analyses on empirical or semi-empirical modeling approach are given. Also as 
discussed briefly earlier, some of micromechanics theories, which provide upper and 
lower bounds of the effective property, are not considered herein. 
Some of the essential elements in mechanics for the study and theoretical 
background of general micromechanics theories for particulate composites are reviewed 
in Chapter 2. In Chapter 3, details on derivations of a specific micromechanics solution, 
the Differential Scheme Effective Medium Theory, are presented. Summaries of 
experimental methods and laboratory HMA mixture testing results are given in Chapters 
4 and 5. Detailed analyses and evaluations on the developed modeling framework are 
discussed in Chapter 6. Finally, findings of this research, conclusions of the study, and 
some recommendations for future research are summarized in Chapter 7. 
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CHAPTER 2 LITERATURE REVIEW 
 
Hot-mix Asphalt (HMA) is a mixture of mineral aggregate particles and an 
asphalt cement binder. Hundreds of millions of tons HMA are produced in the US 
annually. In general, the mineral aggregate particle phase plays an important role in 
reinforcing the otherwise soft asphalt cement phase to provide satisfactory load bearing 
capacity when used in roads, airfields, parking lots, etc. Reinforcement mechanisms 
within HMA concrete in a broad sense is first briefly reviewed. Also, a variety of 
modeling approaches used for predicting effective properties of particulate composite 
materials are reviewed herein. 
Unlike the mostly elastic Portland cement concrete (PCC), HMA behaves in a 
viscoelastic manner and its response is, therefore, dependent on the time of loading and 
temperature. Due to the time and temperature dependency of HMA, characterization and 
analysis of its mechanical behavior requires, at a minimum, linear viscoelasticity to be 
considered, which is discussed in the latter sections of this chapter. 
 
2.1 HMA Reinforcement Mechanisms 
 
In its simplest form, HMA concrete consists of two distinct materials, i.e., mineral 
aggregate particles and asphalt cement. The actual composition of the HMA, however, is 
quite complex due mainly to the non-uniformity of crushed mineral aggregate particle 
shapes and the diversity of particle size, ranging from a few microns to a few centimeters 
in diameter. Because of this complexity, insight towards the mechanisms of HMA 
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reinforcement has been difficult to obtain through analytical modeling. Many researchers 
have tried to identify the key mechanisms behind reinforcement in HMA [Heukelom and 
Wijga 1971, Craus et al. 1978, Anderson et al. 1992, Buttlar and Roque 1996, Shashidhar 
and Romero 1998, Buttlar et al. 1999]. The salient findings in these studies are 
summarized herein. 
 
2.1.1 Volume Replacement (Volume Filling) 
 
For some typical particulate composites with stiff particles imbedded in a soft 
matrix, the most dominant mechanism of reinforcement is achieved by replacement of 
soft matrix volume with much stiffer particles [Christensen 2005, Daniel and Ishai 1994, 
Callister 2003]. The net effect of this reinforcement is often manifested by the increase in 
bulk and shear moduli, fracture toughness of the composite, or the viscosity of a fluid 
suspension. The idea is simple and straightforward, as Heukelom and Wijga [1971] 
explained, with regards to a solid particle suspension example. “An increasing volume 
concentration of ‘solid’ particles reduces the volume concentration of the liquid medium 
in which the flow takes place, so that the resistance to flow – or viscosity – increases.”  
 
2.1.2 Physico-chemical Interaction (Interface Strengthening) 
 
Another reinforcement mechanism often considered is the so-called physico-
chemical interaction at the interface between mineral particles and asphalt matrix with the 
presence of chemically active particles and/or by absorption, adsorption, and selective 
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sorption of some portions of asphalt matrix by the particles. Craus et al. [1978] 
thoroughly studied the associated properties of mineral aggregate fillers, which led to an 
increase in asphalt-filler systems’ mechanical properties. The specific surface area of 
fillers, which is tied to the geometric irregularity, surface activity, and adsorption 
intensity, were found to be the most influential factors in stiffening. In general, the 
resultant of high surface area and high surface activity is a high interface bond strength, 
which will consequently influence the behavior of asphalt mastics and bituminous 
mixtures. Inspired by the evidence on the physico-chemical interaction presented by 
Craus et al., Buttlar et al. [1999] modified the GSCS model by introducing the concept of 
‘immobilized asphalt,’ which eventually increases the effective volume concentration of  
filler particles and gives a means of estimating additional stiffening effect beyond pure 
volume-filling reinforcement. 
 
2.1.3 Particle Contact (Particulate Interlocking) 
 
Particle-to-particle contacts in HMA concrete are apparent not only between 
coarse aggregates, but also between fine aggregates and between coarse and fine 
aggregates as well. When present, this particle contact will significantly limit the 
deformability of HMA concrete in compression or shear, leading to an increase of both 
moduli [You and Buttlar 2004]. This reinforcement mechanism is particularly important 
when a significantly large portion of aggregate particles are ‘flocculated’ as hypothesized 
by Heukelom and Wijga [1971], in which agglomerates of particles occur. While not 
fully packed to a maximum volume, agglomerates may also trap some asphalt within 
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them and occupy a larger effective volume than the actual particle volume and impart an 
increase of the stiffness. However, it is also possible that the agglomerates, at a volume 
concentration far below the maximum, can be broken down at high shear stress resulting 
in a decrease of the mixture stiffness. Another extreme is termed as a ‘fully peptized’ 
state, in which all particles are floating in a dilute state; thereby rendering the 
reinforcement effect as minimal. The actual state of the particle dispersion of typical 
HMA mixtures is somewhere between these two extremes.  
 
2.1.4 Modeling Requirements 
 
Considering all of the aforementioned factors in a single analytical model would 
neither be practical nor even possible. However, at an intermediate level of complexity, 
some of these key mechanisms can be accounted for by applying or extending existing 
micromechanical formulations. 
For the first mechanism, volume replacement reinforcement, valid models should 
obviously include the volume concentration information of constituent phases as the 
primary inputs. Apparently, different shape particles will result in different levels of 
reinforcement, and thus, models should be able to consider not only spherical particles, 
but other particle shape geometries, such as general elliptic particles. In addition, by 
observing that the mineral aggregate particles in HMA concrete are not mono shaped but 
a combination of multiple shapes, it is highly desirable that a versatile model should 
allow a combination of shapes to be simultaneously considered. 
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For the second reinforcement mechanism introduced earlier, currently no explicit 
analytical approach has been established, other than semi-empirical models. As was 
discussed, a result of a strong physico-chemical interaction is a high interface bonding 
between the particle and matrix, as opposed to defects or insufficient adhesion. Therefore, 
a simplified approach to account for this interaction in modeling would be to assume 
perfect bonding at the interface of particles and matrix phases in the composite. The 
perfectly bonded interface assumption, in fact, provides useful boundary conditions in 
deriving basic mathematical expressions for many composite systems. 
Directly modeling the particle-to-particle contact mechanism would make the 
current study far more complex than desired, and consequently impractical. However, it 
is possible to account for the complex inter-particle interactions to some extent through a 
class of approximation methods, which are known as Effective Medium Theories (EMT) 
in micromechanics. In many of these theories, particles are not modeled as being in 
contact, but they can still interact with adjacent particles through the surrounding 
effective medium they altered by disturbing the stress or strain field originally applied to 
the system. To be adequate for highly concentrated HMA mixtures though, any models 
that allow continuous particle-matrix interaction up to the full packing of particles (i.e., 
particle volume concentration, c = 1) would be more desirable.  
These modeling requirements served as criteria in the selection of best available 
modeling approach, which was then further studied and developed in this research. 
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2.2 Empirical and Semi-Empirical HMA E* Prediction Models 
 
Before jumping onto the next (and the foremost) subject of the current study, it 
would be appropriate to introduce some popular HMA modulus prediction models, which 
have been utilized in the field of HMA research with some success. As summarized in 
Buttlar [1995] and You [2003], a very large number of ‘empirical’ and ‘semi-empirical’ 
models have been developed over the past half century. In the following sections, one of 
the most popular models in each of the empirical and semi-empirical categories has been 
reviewed. 
 
2.2.1 Witczak’s Predictive Equation 
 
As mentioned early in the preceding chapter, Witczak’s empirical model has been 
employed in the MEPDG [NCHRP Project 1-37A Final Report 2004] as the hot-mix 
asphalt mixture complex modulus (|E*|) predictive model for asphalt pavement design 
and analysis. The following equation (2.1) is the current version of the Witczak model 
adopted in the MEPDG. 
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where, 
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  |E*|  =  dynamic modulus, psi 
  η = viscosity of asphalt binder, 106 Poise 
  f =  loading frequency, Hz 
  Va = air void content, % 
  Vbeff = effective binder content, % volume 
  ρ34 = cumulative % aggregate retained on the 3/4-in. sieve 
  ρ38 = cumulative % aggregate retained on the 3/8-in. sieve 
  ρ4 = cumulative % aggregate retained on the No.4 sieve 
  ρ200 = % aggregate passing the No.200 sieve 
 
In fact, Witczak’s empirical regression modeling work first started in the early 
1970’s, and thereafter, the model has been periodically modified to reflect additional 
experimental data and to include newly adopted material parameters in the asphalt 
industry, such as asphalt binder complex shear modulus (|G*|) and phase angle (δ) as 
obtained from the dynamic shear rheometer (DSR). Equation (2.2) is the latest version of 
the Witczak model modified by Bari and Witczak (2006). 
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where, 
  |E*|  =  dynamic modulus, psi 
  |Gb*| = dynamic shear modulus of binder, psi 
  δb =  phase angle of binder, degree 
Va = air void content, % 
  Vbeff = effective binder content, % volume 
  ρ34 = cumulative % aggregate retained on the 3/4-in. sieve 
  ρ38 = cumulative % aggregate retained on the 3/8-in. sieve 
  ρ4 = cumulative % aggregate retained on the No.4 sieve 
  ρ200 = % aggregate passing the No.200 sieve 
 
Table 2. 1 List of Witczak Models (Modified from Bari and Witczak 2006) 
Database Model 
No. E* Predictive Model 
Year 
(published) Nm Nt
1 Witczak’s Early Model 1972 29 87 
2 Witczak and Shook’s Model 1978 41 369 
3 Witczak’s 1981 Model 1981 41 369 
4 Witczak, Miller and Uzan’s Model 1983 131 1179 
5 Witczak and Akhter’s Model 1984 131 1179 
6 Witczak, Leahy, Caves and Uzan’s Model 1989 149 1429 
7 Witczak and Fonseca’s Model 1996 149 1429 
8 Andrei, Witczak and Mirza’s Revised Model 1999 205 2750 
9 Bari and Witczak’s Revised Model 2006 346 7400 
Note:  Nm = number of mixtures 
 Nt = number of data points 
 
An implication of this is the highly empirical nature of the predictive model is that 
one must add more data points to the database and recalibrate the model to account for a 
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new class of materials. Indeed, that situation has been observed and summarized by Bari 
and Witczak [2006], as shown in Table 2-1. 
 
2.2.2 Hirsch Model 
 
The Hirsch model [Hirsch 1962] is arguably a more rational and perhaps can be 
considered as a semi-empirical method of predicting the modulus of HMA mixtures. The 
original version of the Hirsch model involves an arbitrary combination of the rule of 
mixtures, i.e., incorporates both series and parallel models into a single model with an 
arbitrary proportion of each arrangement, which can be determined by experiments. This 
original version has received a lot of attention and revisions by other researchers, such as 
Christensen et al. [2003], who proposed several modified versions of the Hirsch model by 
combining the series and parallel units in more complex arrangements and linked in 
several mixture volumetric terms. Among them, an alternate version of the model, (2.3) 
and (2.4), has generally been found to be the most effective. 
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where, 
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  |E*|  =  dynamic modulus, psi 
  |Gb*| = dynamic shear modulus of binder, psi 
  VMA = voids in the mineral aggregate, % 
  VFA = voids filled with asphalt, % 
  PC = aggregate contact factor 
 
A comprehensive literature review on the Hirsch and Witczak models was 
performed by Garcia and Thompson [2007]. Based on their review, study results reported 
by eight independent research groups [Clyne et al. 2003, Christensen et al. 2003, 
Birgisson et al. 2005, Kim et al. 2005, Schwartz 2005, Tran and Hall 2005, Mohammad 
et al. 2005, Dongre et al. 2005] indicate that the two models are in good agreement with 
measured data and have similar accuracies. However, it is surmised that the Hirsch model 
would provide more rational extrapolated values outside the model calibration set, due to 
its phenomenological, rather than purely statistical, model construction. Reduced number 
of input parameters (three) is also considered as the benefit of the Hirsch model. 
 
2.3 Micromechanics Models 
 
A more rigorous mechanistic way of studying the complex mechanical behavior 
of heterogeneous particulate composites such as HMA mixtures is micromechanics. 
Currently, many different approaches are available in the micromechanics literature to 
analyze and predict the overall effective material properties of multi-phase particulate 
composites. These approaches include a class of micromechanical effective medium 
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theories as introduced by Christensen [1990, 2005], Mura [1982], and Aboudi [1991]. 
Among them, the following four are the most widely studied theories for many different 
types of composites: 
 
• Mori-Tanaka Approximation 
• Self Consistent Scheme 
• Generalized Self Consistent Scheme (a.k.a. Three phase model) 
• Differential Scheme 
 
Mori and Tanaka [1973] proposed an approximation method (MT) to calculate the 
average stress field in a matrix of a material containing precipitates with inelastic 
eigenstrains. This method is, then, reformulated by Benveniste [1987] to make the 
approximation scheme involved in the original theory clearer. Up to now, this method has 
been also studied in the field of paving asphalt mixtures by Buttlar [1995], Buttlar et al. 
[1999], and Lackner et al. [2005].  
Earlier work on the Self Consistent Scheme (SCS) has been credited to Hershey 
[1954] and Kröner [1961] independently for applications to polycrystalline materials. 
Later Budiansky [1965] and Hill [1965a, 1965b] introduced more generalized extension 
of the method to multi-phase composites in the 1960s. Little attention has been given to 
this method in studying asphalt materials until very recently. Yin et al. [2008] used the 
concept in predictions of overall viscoelastic moduli of asphalt mastics, which is a 
mixture of asphalt cement and fine mineral filler particles smaller than 100 microns in 
size with low to moderate particle volume concentrations.  
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Christensen and Lo [1979, 1986] derived a closed form solution for a three phase 
composite, which consists of a core inclusion phase surrounded by a concentric transient 
phase and then embedded in much larger region of effective medium. This model is 
better known as the Generalized Self Consistent Scheme (GSCS), and is the most studied 
micromechanics model in asphalt material researches [Buttlar 1996, Buttlar and Roque 
1997, Buttlar et al. 1999, Shashidahar and Shenoy 2002].  
A good review of the majority of the aforementioned models can be found in 
Buttlar and Roque [1996]. Additional details on these models will also be presented later 
in this chapter. 
The last theory of aforementioned four is called a Differential Scheme (DS) due 
to Roscoe [1952] published in 1952. Roscoe’s work focused on the relative viscosity of 
suspensions of rigid spheres, an extension of the Einstein’s viscosity equation. Much later, 
McLaughlin [1977] brought the concept to continuum micromechanics field followed by 
Norris [1985] who provided a more generalized version of the DS to account for the 
multi-phase geometry. No literature in the field of asphalt materials research has been 
published to date regarding the application of the DS model. Details of this modeling 
approach now follows. 
 
2.3.1 Single Inclusion Problem: Dilute Model 
 
The solution for a dilute suspension, in which an inclusion is embedded in an 
infinitely continuous matrix phase and subjected to a far field uniform boundary 
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condition, forms the basis for many micromechanical models for particulate composites. 
Figure 2.1 (a) illustrates this condition. 
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(a)        (b) 
Figure 2. 1 Eshelby’s equivalent inclusion method 
 
It is assumed that a uniform stress σ0ij is applied in the far field and that the 
inclusion and matrix phases are perfectly bonded. The inclusion domain is denoted as Ω 
and the matrix domain is D – Ω, where the material constants are C(2)ijkl and C(1)ijkl, 
respectively. In consideration of the energy equivalency between the inhomogeneous 
system in (a) and an imaginary homogeneous system in (b), the effective compliance of 
the problem under a uniform applied stress boundary condition, σ0ij, is given in Aboudi 
[1991] as: 
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where, M is the compliance matrix and superscripts, *, 1, and 2 represent the overall 
composite, matrix phase, and inclusion phase, respectively, while c2 denotes the volume 
concentration of the inclusions. In a similar way, when a uniform displacement boundary, 
ε0kl, is applied, the effective stiffness of the system takes the form of: 
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where, C is the stiffness matrix. 
The latter is the preferable form here for further illustration of the solution. In this 
form of the dilute case solution, the strain ratio at the end of the right-hand side of the 
equation is called a strain concentration factor, which is dependent on the phase moduli, 
Poisson’s ratio of the matrix phase, and the shape of the inclusion, and is denoted as A2 
as (2.7). 
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Eshelby [1957] established a powerful solution method for such an 
inhomogeneity problem of general ellipsoidal inclusions. Figure 2.1 (b) is an equivalent 
problem to 2.1 (a) by substituting the inhomogeneity of (a) with a same region of 
inclusion in (b), which has the same elastic constant as the matrix phase but is subjected 
to an eigenstrain, ε*ij. He further showed that if ε*ij is uniform in the inclusion domain Ω, 
then the total strain εT is also uniform, which is the sum of the ε*ij and the elastic strain, e, 
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due to the applied uniform far field stress in the absence of the inhomogeneity. The 
following relationship is defined. 
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where, Sklmn is the Eshelby’s tensor, of which explicit expressions for various shapes of 
inclusions have been given by Mura [1982]. By comparing the stress field in the 
inhomogeneity of 2.1 (a) and that in the inclusion of 2.1 (b), the Eshelby’s equivalent 
inclusion method is written as: 
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where, ε0kl  + Sklmn ε*mn = )(2klε , the volume averaged strain field in the inclusion domain. 
It then follows that: 
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Finally, the stress concentration factor A2 can be calculated by the following relation. 
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where, Iijkl is the isotropic identity tensor. Equation (2.11) together with equation (2.5) 
and (2.6) provides the general forms of most micromechanics solutions for effective 
stiffness calculations. 
 
2.3.2 Non-dilute Models: Effective Medium Theories 
 
The solution for a two-phase dilute composite is derived from solid mechanics 
principles and provides a fundamental basis for the prediction of the overall moduli of 
composites with low volume concentration of non-interacting inclusions. However, many 
types of composite materials have much higher concentrations of inclusions, which 
interact with other inclusions and thus the stress or strain filed is far more complex than 
that described in the dilute solution. These are the non-dilute cases, and several 
approximation schemes have been developed and categorized as the effective medium 
theories. The term ‘effective medium’ implies an important concept in treating the 
composite materials, which are microscopically heterogeneous. This is the concept of the 
Representative Volume Element (RVE), which can be defined as a smallest sample of 
composite that is structurally representative of the whole composite. Furthermore, the 
RVE contains a sufficient number of inclusions for the overall moduli to be independent 
of the microstructure of the composite and boundary conditions exerted on the whole 
composite. This classical definition was given by Hill [1963]. Thus, once the overall 
moduli of the RVE are obtained, the moduli can be treated as representative of the 
effective medium of the whole structure composed of many units of the RVE. Typical 
dimension of the RVE would be orders of magnitude larger than the micro scale. For a 
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special case of particulate composites, the RVE condition can be easily achieved as long 
as the inclusion phase is randomly distributed throughout the matrix phase other than 
periodically. This assumption will hold throughout the study proposed herein to eliminate 
further considerations on the size of the samples to be analyzed. 
As mentioned earlier, the most popular effective medium theories, which have 
received a lot of attention, are the Mori-Tanaka (MT) method, the Self Consistent 
Scheme (SCS), the Generalized Self Consistent Scheme (GSCS), and the Differential 
Scheme (DS). More details of these models will follow, with emphasis on the DS. 
 
2.3.2.1 Mori-Tanaka Approximation 
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Figure 2. 2 Schematic representation of (a) MT and (b) SCS (Yin et al. 2007) 
 
The Mori-Tanaka (MT) approximation explicitly considers particle interactions in 
the composite. It assumes that the averaged strain field in a particle is affected by the 
average strain field in the surrounding infinite matrix due to the presence of other 
particles. Figure 2.2 (a) shows the conceptual representation of the MT approximation. 
The basis of the MT solution is again equation (2.6), which is the dilute case solution, but 
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the difference is that the strain concentration factor A2 of MT method is calculated based 
on the interacting mean field strain, )2(klε . 
Brinson and Lin [1998] studied multiphase viscoelastic polymeric systems by 
means of finite element modeling and the Mori-Tanaka approximation. The 
viscoelasticity effect of the particulate composites was considered through the 
correspondence principle, which means that the complex moduli of the composite in the 
frequency domain were transformed to the Fourier domain and analyzed, as will be 
discussed later in this chapter. Brinson and Lin used the MT method to predict the 
effective property of the composites and compared the result with a set of finite element 
modeling results. The general form of the MT method they presented is as follows: 
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where, 1 and 2 denote matrix and inclusion phases, respectively, and S* is the Eshelby’s 
tensor. Since their composite materials have both viscoelastic matrix and particles,  is 
used to denote the complex moduli of particles. To apply this model for the material of 
interest in this study, phase 2 will be treated as elastic spherical inclusions and the elastic 
constants will be placed in the corresponding positions. For a problem containing elastic 
spherical particles, the explicit form of the model for the bulk modulus is derived as: 
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and the form for the shear modulus is: 
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Note that, now, subscripts m and p replaced the subscript 1 and 2 in (2.12) for matrix and 
particulate phases, respectively, while c2 remains the same to denote the volume 
concentration of the particulate phase. For an isotropic material in a 3-dimensional space, 
the following relationship between the complex moduli holds, so that the complex 
modulus in simple extension can be calculated from bulk and shear complex moduli 
obtained by (2.13) and (2.14). 
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2.3.2.2 Self Consistent Scheme 
 
As briefly introduced, the Self-Consistent scheme was originally developed for 
poly-crystals. The method assumes that a single particle is embedded in an effective 
medium of unknown properties. Figure 2.2 (b) illustrates the conceptual configuration of 
the SCS. This problem is analogous to the dilute case where an inclusion is embedded in 
an infinite matrix with a known matrix property. The only difference is that the matrix is 
now an effective medium with unknown property. Thus, the solutions of the SCS are 
expressed in terms of the overall effective moduli, which appear on both sides of the 
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solution as shown in equations (2.16) and (2.17). Therefore, the solution process using 
the SCS requires a numerical iteration method, which can be accomplished by carefully 
selecting ‘seed values’ of the effective moduli and iterating exercised in applying this 
recursive scheme. Care must be paid when the volume concentration of the composite 
becomes higher. 
Yin et al. [2008] compared four different micromechanics models considering 
viscoelastic effects to study asphalt-aggregate mastics. Of the four models compared in 
their study, the SCS predicts the experimental data the closest under the assumption of 
rigid particles and an incompressible matrix. The other three models considered in their 
study were the dilute case model based on the Eshelby’s solution, the MT method, and 
the GSCS. Their SCS solutions take the following forms: 
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where, subscripts C, m, and p denote overall composite, matrix, and dispersed particle 
phases, respectively. The superscript * is used to differentiate the complex viscoelastic 
moduli from the elastic constants, Kp and Gp. The transformation equation in (2.15) is 
again used to convert the obtained effective complex bulk and shear moduli to the 
corresponding extensional complex moduli, E*. 
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2.3.2.3 Generalized Self Consistent Scheme 
 
The Generalized Self Consistent Scheme was first derived by Christensen and Lo 
[1979] and referred to as the Three Phase Model, since the model consists of three 
distinctive phases in such a way that a spherical particle is located in the core surrounded 
by a concentric shell of matrix, which in turn is embedded in an infinite medium of 
unknown effective properties as shown in Figure 2.3. 
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Figure 2. 3 Generalized Self Consistent Model 
 
This model is simple in concept, but is very complex in formulation. The seemingly 
simple governing equation (2.18) for effective shear modulus, GC, must be solved using 
the rather complex constants, A, B, C, η1, η2, and η3, as follows: 
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where, 
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The effective bulk modulus, KC, for this 3-phase composite presented as equation 
(2.19) is the same as the equation (2.13) for the Mori-Tanaka method for the spherical 
inclusion case. It can be also noted that this effective bulk modulus solution is the same 
as the solution of Hashin’s Composite Spheres model [Hashin 1970], which, however, 
does not yield a closed form solution for the effective shear modulus, GC; rather bounds 
are predicted. 
Buttlar et al. [1999] and Shashidhar and Shenoy [2002] evaluated the GSCS for 
application to asphalt mastics, which contain relatively low volume concentration of fine 
mineral fillers in the range of 0.05 to 0.5. Both of them found that the GSCS significantly 
under predicted the stiffening potential of the asphalt mastics as the filler volume 
concentration increased higher than approximately 0.1 (corresponds to 10% of filler). 
They were able to, however, match the experimentally observed stiffening ratio 
(calculated as the ratio of asphalt mastic’s G* to the asphalt binder’s G*) closer than the 
original model presented by Christensen and Lo [1979], by introducing 
phenomenological terms. As was discussed in 2.1.2, Buttlar et al. [1999] utilized the 
concept of “immobilized asphalt” in the vicinity of mineral filler surface to obtain a 
larger, calibrated effective volume concentration of filler. Shashidhar and Shenoy [2002] 
introduced the concept of “percolation” of aggregate particles within the asphalt mixtures, 
which may facilitate the formation of rather solid chain-like aggregate connection and 
lead to an increase of apparent particle volume concentrations. None of these factors, 
nevertheless, can be obtained on a systematic basis without being inversely estimated 
from experimental observations. 
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2.3.2.4 Differential Scheme 
 
The historical development of the differential scheme effective medium theory 
has been provided in a preceding section. In this section, further details of the model 
construction and some noticeable features of the model will be discussed and compared 
to the three models introduced in the preceding sections. Details pertaining to model 
construction can also be found in [Aboudi 1991, Rosco 1952, McLaughlin 1997, Norris 
1985-a, Norris 1985-b, and Giordano 2003].  
 
(1) (2) 
(3) (4) 
(n-1) (n) 
<Particle Addition> <Homogenization> 
 
Figure 2. 4 Conceptual construction of the Differential Scheme Model 
 
Figure 2.4 schematically illustrates the conceptual construction of the differential 
Scheme model. Beginning with a dilute concentration of a small amount of particles in a 
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homogeneous matrix, the particulate composite in (1) is homogenized by equating the 
heterogeneous system to a homogeneous effective medium in (2). In the homogenization 
process, diluted particles alter the property of surrounding matrix phase by disturbing the 
applied far field uniform stress or strain, and the volume averaged effect of the alteration 
is represented by the effective property of the equivalent homogeneous medium in (2), 
which, in short, is called the ‘effective medium.’ The effective property of this dilute 
composite can be calculated using the general solution for a dilute composite introduced 
as equation (2.6) and (2.7). 
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The effective stiffness of a composite at a volume concentration ci is a function of the 
matrix stiffness (Cmijkl), particle stiffness (Cpijkl), volume concentration (ci), and a strain 
concentration tensor, A2. The A2 is called the strain concentration tensor because it 
represents the ratio of uniform total averaged strain in the inclusion domain, , to the 
applied uniform far field strain,  as given in equation (2.7). A more general expression 
for A
p
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2 is given by the Eshelby’s equivalent inclusion method, which can be written in 
tensorial notation as follows: 
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where, Iijkl is a fourth order identity tensor and the Sklmn is the so-called Eshelby’s tensor. 
The Eshelby’s tensor depends on the shape of inclusions and explicit expressions to 
obtain the tensor for various inclusion shapes have been given by Mura [1982]. An 
example Eshelby’s tensor for a spherical inclusion under a uniform far field shear strain, 
, has the following explicit form. 012ε
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The next step of model construction in Figure 2.4 is to replace a small volume of 
the effective medium in (2) with the same volume of particles, which are randomly 
dispersed throughout the medium, as shown in (3). The heterogeneous system (3) is again 
homogenized in a similar way, i.e., from step (1) to (2), by calculating the effective 
homogeneous property of system (4) with updated quantities of phase moduli, the particle 
volume concentration, and the strain concentration tensor. In the differential scheme, 
such a particle replacement-and-homogenization process continues up to the nth step until 
the actual value of particle volume concentration is reached. This iterative process 
eventually results in the following ordinary differential equation, which will be solved for 
specific example composites in the next chapter. 
 
( ) ( )( 21 AcCCcdcdC ieffijklpijkleffijkl −−= )       (2.23) 
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One example solution form of the DS is found in Pal [2005], in which the effective 
complex moduli are expressed in terms of extensional, E*. 
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where, m and p denote matrix and particles phases, respectively, and c2 is the volume 
concentration of particles. In equation (2.24), it can be observed that the effective 
modulus is now a function of (1 - c2)-2.5, which suggests a higher order effect of added 
particles, i.e., a higher stiffening effect of particle addition would be predicted using this 
model at higher volume concentrations of inclusions. Another thing that should be noted 
is that, as seen in the case of the SCS, this solution also requires a numerical iteration 
method starting from a ‘seed’ value to determine the effective moduli. 
 
2.3.2.5 Discussions on EMT 
 
Details of four micromechanics effective medium theories for non-dilute 
particulate composites have been reviewed, which include the Mori-Tanaka (MT) 
Approximation method, the Self Consistent Scheme (SCS), the Generalized Self 
Consistent Scheme (GSCS), and the Differential Scheme (DS).  
The fundamental differences between the micromechanical effective medium 
theories introduced in this chapter lie in their basic assumptions. While the GSCS has its 
unique derivation by starting from the concentric three-phase arrangement, all other 
models, the MT, the SCS, and the DS, start from the same dilute solution, given in (2.5) 
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and (2.6). The MT method assumes that a single inclusion is affected by a surrounding 
matrix, which has an altered property due to another inclusion in the dilute situation. So, 
it can be viewed that there has been an interaction between two remote particles taken 
place by the matrix of known effective property. 
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Figure 2. 5 Various model predictions of effective complex Young’s modulus of an 
asphalt mastic (Yin et al. 2007) 
 
The SCS, in actuality, is an extension of the MT method with the added 
assumption that the surrounding matrix is an effective medium with ‘unknown’ 
properties; whereas, the MT method assumes it as an effective medium with ‘known’ 
properties obtained from the dilute solution. If one carefully examines the effective shear 
modulus solutions given in equation (2.14) for the MT method and equation (2.17) for the 
SCS, it can be found that the solution forms are very similar or exactly the same, except a 
fact that the matrix moduli in (2.14) are replaced with effective moduli for the SCS 
solutions in (2.17). However, the small difference in their assumption, in general, can 
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result in large differences (Figure 2.5). Obvious reasons for such large discrepancies are 
the differences between the matrix moduli and the effective moduli used to compute the 
overall moduli. In this regard, the MT method considers the particle interaction in the 
lower range of particle volume concentration; while the SCS considers the interaction in 
the higher range.  
 
Figure 2. 6 Real and imaginary parts of the bulk modulus (from Berryman 1980) 
 
The MT method is based on the assumption of adjacent two-particle interaction 
through an effective medium, and thus the strain concentration tensor in this method has 
an inclusion concentration dependency of the simplest possible form. However, there has 
been no solution provided for direct particle-to-particle interaction problems [Christensen 
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1990]. As a result, the MT method ranked the lowest among other models compared for 
predicting the effective property of overall composites as can be seen in Figure 2.5 and 
2.8 through 2.10. Moreover, the MT method has been often reported [Buttlar 1995, Yin et 
al. 2008] as under predicting the effective moduli of asphalt mixtures with medium to 
high particle volume concentrations. 
 
 
Figure 2. 7 Real and imaginary parts of the shear modulus (from Berryman 1980) 
 
The SCS, on the other hand, inherently performs better in predicting the effective 
properties of asphalt mastics, as shown in Figure 2.5, as compared to the MT method. 
However, the SCS may not cover the full range of particle volume concentrations 
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[Christensen 1990], e.g., as c Æ 1, which is important for asphalt mixture as discussed in 
section 2.1.4. Being originally developed for two-phase polycrystals, the SCS often 
breaks down when a phase reversal occurs. In other words, the SCS gives diverging 
results around the particle volume concentration of 0.4 when the phase moduli contrast 
spans orders of magnitude [Berryman 1980], as shown in Figure 2.6 and 2.7.  
 
 
Figure 2. 8 Effective shear modulus ratios, νm = 1/5 (Christensen 1990) 
 
 
Figure 2. 9 Effective bulk modulus ratios, νm = 1/5 (Christensen 1990) 
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 Christensen [1990] concluded in favor of the GSCS over the DS in his critical 
evaluation of these models. He examined the results of both compressible and 
incompressible matrix cases, which have Poisson’s ratio (νm) value of 1/5 and 1/2, 
respectively. Figure 2.8 and 2.9 show the shear and bulk moduli ratios predicted by the 
three models for the case of νm = 1/5. In the result for the compressible matrix with 
perfectly bonded rigid spherical particles, the DS strongly over predicts the GSCS and 
MT results. There was, however, a reversal of the trend for the case of incompressible 
matrix, where the DS now strongly under predicts the GSCS result (Figure 2.10). In this 
result, the GSCS near perfectly predicts the reference experimental data and this led him 
to conclude that the GSCS is superior in predicting the effective behavior of composites 
with both incompressible particles and matrix phases.  
 
 
Figure 2. 10 Effective shear modulus ratio, νm = 1/2 (Christensen 1990) 
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In fact, the GSCS has been applied to the asphalt-fine-aggregate mixtures by 
Buttlar et al. [1999], Yin et al. [2008], Buttlar and Roque [1996], and Shashidhar and 
Shenoy [2002]. Even with a modification to the existing model to account for a strong 
and relatively thick layer of “immobilized” asphalt matrix surrounding the aggregate 
particles, however, Buttlar et al. found that for very reactive particles such as hydrated 
lime, the GSCS lacks the ability to predicting the overall stiffening of such a composite. 
Typical values of Poisson’s ratios and elastic particles were assumed. Other results from 
[Yin et al. 2008 and Buttlar and Roque 1996] also reported significant under predictions 
by GSCS when realistic values of Poisson’s ratio and particle moduli were assumed. 
Shashidhar and Shenoy [2002] reported good predictions of the GSCS for experimental 
data. However, their simplified GSCS model employs a phenomenological factor based 
on ‘percolation’ theory, which must be obtained from experimental data.  
Besides the accuracy issue of the GSCS, a rather important issue on determining 
whether this model merits further attention in this study is the versatility of the model. As 
mentioned in section 2.1.4, the main objective of this study is to build a fundamental 
material property modeling framework, which allows us to take into account different 
shapes of particles and multiple combinations of those different shape particles in a 
composite. Unfortunately, current form of the GSCS model was developed solely to 
consider spherical particle geometry, and therefore, does not permit multi-phase 
geometries to be considered. 
One notable distinction of the DS from the other three models is that the ratios of 
the effective complex modulus to the modulus of the matrix phase, both in bulk and shear, 
is exponentially proportional to the phase moduli and the volume concentration. Typical 
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experimental data of asphalt concrete complex moduli also exhibit an exponential 
increase of modulus as the particle volume concentration increases [Heukelom and 
Klomp 1964], up to a maximum volume concentration of around 0.9, as will be seen in 
the later chapters. Thus, it can be easily deduced that the relative modulus, in other words, 
stiffening of a composite, predicted using the DS will increase exponentially as the 
volume concentration of particles approaches the maximum, which is 1. Indeed, the trend 
has been seen from the result of Christensen [1990] plotted in Figure 2.8 through 2.10.  
 
2.3.2.6 Summary 
 
Based on the literature review on some popular micromechanics effective medium 
theories, it can be summarized that; 
 
• The Mori-Tanaka Approximation method has features such as particle volume 
concentration dependency of effective property, versatility for generalized 
particle shape and multiple phases, and full packing capability. However, it 
lacks model sophistications necessary to model asphalt concrete with high 
aggregate volume concentration. Therefore, the model significantly under 
predicts the stiffening potential of HMA, in general. 
 
• The Self Consistent Scheme has the same features as the Mori-Tanaka method, 
but with the addition of more model sophistications by the assumption of 
imbedded particle in an ‘unknown’ effective medium. However, this model 
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may not cover the whole range of particle volume concentration present in 
asphalt mixtures, and it diverges in the particle volume concentration range 
where phase reversal occurs. 
 
• The Generalized Self Consistent Scheme probably has enough model 
sophistication, with lengthy expressions for shear modulus, but the model is 
limited in terms of its versatility to take into account multiple particle shape 
combinations. 
 
• The Differential Scheme satisfies most of the model requirements discussed. 
Also the conceptual model construction process is compatible with high 
volume concentration of inclusions, such as those present in asphalt concrete 
mixtures. 
 
Overall, it appears that the Differential Scheme Effective Medium Theory would 
provide a better means to pursue the objectives of the current study. Based on a 
generalized solution form discussed in 2.3.2.4, it will be possible to derive various forms 
of the model, which account for various particle shapes and combinations thereof. A 
detailed model derivation is presented in Chapter 3. 
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2.4 Essential Elements in Viscoelasticity 
 
2.4.1 Elastic-Viscoelastic Correspondence Principle 
 
Materials characterized as “viscoelastic” have been well described in the literature, 
such as Ferry [1961], Aklonis [1983], and Christensen [2003], to name few. The 
characteristic of viscoelasticity can be summarized as the “time-temperature” dependency 
of stress-strain behavior. While the elastic stress-strain relationship is fully described by 
Hooke’s law, for an isotropically linear viscoelastic material under an isothermal 
condition, the time dependent constitutive stress-strain relation of the material is typically 
given by the following convolution integral forms: 
 
( ) ( ) ( ) ττ
τετσ α dd
dtGt
t∫
∞−
−=       (2.25) 
 
( ) ( ) ( ) ττ
τστε α dd
dtJt
t∫
∞−
−=       (2.26) 
 
where, Gα(t) and Jα(t) are the relaxation and compliance functions, respectively, and α 
takes the subscript 1 or 2 to denote either the deviatoric or dilatational component of each 
function. Solving these integrals in the time domain can be very complex and an 
alternative way of dealing with this problem is to use the elastic-viscoelastic 
correspondence principle [Ferry 1961, Aklonis 1983, Christensen 2003, and Christensen 
2005]. In a simple sense, the correspondence principle states that the viscoelastic stress-
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strain relationship can be obtained by solving the corresponding elasticity problem in a 
properly transformed domain. Typical applications of this principle involve integral 
transforms, such as the Laplace or Fourier transform. Thus, for example, the convolution 
integral forms of the constitutive law in equation (2.25) and (2.26) can be transformed to 
either the Laplace or Fourier domain, where the form of constitutive law now exactly 
corresponds to that of the elasticity solution. Details on both transforms follow. 
 
2.4.1.1 Laplace Transformation of the Transient Functions 
 
The Laplace transform may be best applied to finding a relationship between two 
transient properties, i.e., complex modulus and creep compliance. In characterizing a 
viscoelastic material, a constant-stress creep experiment is typically performed rather 
than a constant-strain relaxation experiment due to difficulties in applying an 
instantaneous strain to a viscoelastic body [Buttlar 1995, Park and Kim 1999]. Often 
times, however, the actual mechanical analysis requires relaxation modulus. In elasticity, 
the modulus is a reciprocal of the compliance, whereas it is obvious from (2.25) and 
(2.26) that the relationship between the relaxation modulus, G(t), and the creep 
compliance, J(t), is not simply reciprocal.  The relationship can be conveniently 
interconverted using another form of the convolution integral as follows [Ferry 1961]: 
 
( ) ( ) tdtJtGt =−∫0 τταα        (2.27) 
 
Taking the Laplace transform of both sides of equation (2.27) yields, 
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 ( ) ( ) 21ssJsG =α         (2.28) 
 
where, the relation between the transformed function f (s) and the source function (t) 
is: 
f
 
( ) ( )∫∞ −= 0 dtetfsf st        (2.29) 
 
with the Laplace transform variable, s. 
Now, from the relationship in (2.28), the relaxation modulus can be simply 
calculated as a reciprocal of the creep compliance in the Laplace domain. Once the 
relationship between these two transient functions is obtained, an inverse Laplace 
transform operation will bring the relationship back to the time domain again, so the 
problem in (2.27) is fully resolved. As seen in the above example, the Laplace transform 
typically requires a two-sided operation, i.e., forward and inverse transforms.  
 
2.4.1.2  Fourier Transformation of the Harmonic Response 
 
The Fourier transform can be used to transform a function in the time (t) domain 
to the frequency (ω) domain, defined as: 
 
( ) ( )∫∞∞− −= dtetfF tiωω        (2.30) 
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Figure 2. 11 Dynamic experimental measurements of viscoelastic material 
 
The application of the Fourier transform to a steady state harmonic experiment (dynamic 
experiment) provides a very simple and powerful method to analyze a viscoelastic 
material behavior. Figure 2.9 schematically shows the dynamic experimental 
measurements. When a steady state harmonic experiment is performed, the imposed 
steady state harmonic strain excitation can be expressed as a function of time and angular 
frequency as: 
 
( )titet ti ωωεεε ω sincos)( +== 00      (2.31) 
 
where, ε0 is a constant amplitude of the strain waveform and ω is an angular frequency of 
the waveform in rad/sec. Now, recall that the viscoelastic stress-strain relationship is 
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expressed as (2.25) or (2.26). The relaxation function, Gα, now needs to be decomposed 
as: 
 
)()(
^
tGGtG ααα += 0        (2.32) 
 
where, the relaxation function  Æ 0 as t Æ ∞. G)(^ tGα 0 is a constant limiting value of the 
relaxation modulus and can be zero for materials, which are capable of full relaxation at 
infinitely long loading times, such as asphalt concrete when loaded in tension. 
Substituting (2.31) and (2.32) in (2.25) results in: 
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This can be rewritten by separating out constants from the integrand as follows. 
 
( ) ( ) ττεωεσ ωταωα detGieGt i
t
ti ∫
∞−
−+= ^000     (2.34) 
 
Let t - τ = u. Then τ = t – u and dτ = - du. Subsequent integration limits are now changed 
to 0 ≤ u ≤ ∞.  
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Through the operations, now (2.34) is written in the following form. 
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In (2.35), the first two terms and the third term of the expression on the right-hand side 
bracket represent Fourier sine and cosine transforms [Christensen 2003] of the relaxation 
modulus, , respectively, which define the relationships between the transient 
modulus and the complex moduli as follows. 
)(
^
uGα
 
( ) ( ) duuuGGG ωωω ααα sin^' ∫∞+=
0
0       (2.36) 
 
( ) ( ) duuuGG ωωω αα cos^" ∫∞=
0
      (2.37) 
 
Equation (2.36) and (2.37) are referred to as the storage and loss moduli, respectively. 
These two moduli are the components of the complex modulus expressed as: 
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 ( )ωωω ααα "'* )()( iGGiG +=       (2.38) 
 
By substituting (2.38) in (2.35) reduces to: 
 
( ) )()()( ** tiGeiGt ti εωεωσ αωα == 0      (2.39) 
 
Now the viscoelastic stress-strain relationship is expressed in a similar form to that of 
elasticity, but it still implies the time dependency of the viscoelastic behavior. The time 
dependency can be eliminated by considering the corresponding steady state stress 
response. When a uniform harmonic strain excitation imposed as (2.31), the resulting 
stress will have the same harmonic function with a phase difference of δ from the leading 
strain waveform as indicated in Figure 2.11. Replacing the stress term on the left-hand 
side of (2.39) gives: 
 
)()( δωσσ −= tiet 0         (2.40) 
 
δ
α εωσ ieiG 00 )(*=        (2.41) 
 
which recovers the relationship (2.38) as follows. 
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 Equation (2.42) now shows that the stress and strain relation in the frequency domain is 
no longer dependent on the time history of loading and the solution form exactly matches 
the elastic stress-strain constitutive law except that the elastic Young’s modulus is now 
replaced by the loading frequency dependent complex modulus. It is a very important 
result when compared to the case of using the Laplace transform method to obtain a 
relationship between compliance and modulus. While the Laplace transform method 
generally requires the inverse transform operation to obtain the final solution, the inverse 
transform is not necessary unless one attempts to relate the complex function to a 
transient function. Obviously, it is because the experimentally obtained complex moduli 
are already in the Fourier transform domain, which is the frequency domain. More 
importantly, through the Fourier transform method, any mechanical solutions developed 
for a linear elasticity problem can be directly used for the corresponding viscoelasticity 
problem, if both are subjected to the same boundary conditions, by simply replacing the 
elastic stiffness or compliance term with the viscoelastic counterpart. This approach has 
been followed by many researchers including Hashin [1970], Zhang et al. [1997], 
Brinson and Lin [1998], Kim and Little [2004], Pal [2005], and Yin et al. [2008]. To be 
consistent with the observations from the literature, the experimental work of this study 
will be also concentrated on collecting good complex modulus data from a range of 
materials and the modeling work will follow the correspondence principle techniques 
introduced herein. 
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2.4.2 Time-Temperature Superposition Principle 
 
Another necessary and important principle in the analysis of linear viscoelastic 
material is the well-known Time-Temperature Superposition Principle (TTSP). The 
TTSP has been well documented in many literatures such as [Aklonis 1983, Buttlar 1995, 
Christensen 2003, NCHRP 1-37A 2004, and Garcia and Thompson 2007] to name few. 
Thus, details on the principle may not be imperative to duplicate herein. Nevertheless, the 
significance of the principle and the specific application to the experimental study data 
will be addressed briefly. 
Typically, to characterize a viscoelastic material, a full spectrum of loading time or 
frequency history is required, since the material behavior changes considerably with the 
elapsed time of loading. However, the practical limitations of experimental methods do 
exist, and it is almost impossible to provide a fraction of the required range of data from a 
single experiment. The TTSP provides a powerful tool to encompass that experimental 
limitation. Since there exists a correspondence between the loading time and temperature 
by shifting a single temperature experimental data along the time scale, one can get a 
unique master curve of a material property over a very wide range of time scale from 
multiple temperature data of a thermo-rheologically simple material. Therefore, current 
standard material characterization tests such as the low temperature creep and complex 
modulus test of HMA concrete are performed at the least of three temperatures. The 
significance of the TTSP is, thus, obvious that it enables a complete characterization of 
material over a sufficiently wide range of time scale. Yet another important benefit of the 
principle is that it brings the data to the isothermal condition, which is the key basis of the 
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integral transformation principle introduced in the preceding sections. As discussed by 
Christensen [2003], if the isothermal boundary condition is not met, the correspondence 
principle cannot be applied and, consequently, the mechanical analysis of the viscoelastic 
material may be impossible. 
To construct a ‘master curve’ and utilize the mater curve in obtaining the 
mechanical stress or strain response, a form of a source function must be selected. For 
creep compliance experiments, a class of functions, which is called the Prony series, is 
typically employed. For complex modulus experiments, the following sigmoid function 
has been adopted by the NCHRP Project 1-37A [2004]. 
 
( ) ( )rteE log*log γβ
αδ +++= 1       (2.43) 
 
where,  
  E* = dynamic modulus, 
  δ = minimum value of E*, 
  δ + α = maximum value of E*, 
  β, γ = sigmoidal function fitting parameters 
  tr = time of loading at the reference temperature or reduced time, as 
defined 
( )Ta
ttr = ; a(T) = shift factor 
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The equation (2.43) has been also used to construct master curves of various 
asphalt binders and mixtures tested in this study, so that the complex modulus values of 
different mixtures at a given frequency can be compared at a common reference 
temperature. 
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CHAPTER 3 DERIVATION OF DIFFERENTIAL SCHEME 
SOLUTIONS 
 
 The literature review presented in Chapter 2 examined four popular 
micromechanics effective medium theories and concluded that the differential scheme 
theory would provide and effective means in pursuing the ultimate objective of this study, 
which is to develop a fundamental micromechanics modeling framework for predicting 
the effective property of HMA mixtures. Thus selected, further details on derivations of 
various model cases based on the differential scheme will be discussed in the following 
sections of this chapter. 
 
3.1 Generalized Ordinary Differential Equations 
 
3.1.1 Two-phase Model 
 
As was briefly discussed in the preceding chapter, the differential scheme is based 
on an explicit conceptual composite construction process starting from an initial material, 
i.e., matrix phase, through a series of incremental additions of a small volume of 
particulate phase materials. The process for a two-phase composite with general elliptic 
particles embedded in a continuous matrix is well described in Aboudi [1991], and 
summarized in this section. 
First, the process starts at an initial stage, where a dilute concentration of particles 
is randomly embedded throughout a continuous matrix phase, as shown on the left of 
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Figure 3.1. In the figure, Cmijkl refers to the stiffness tensor of the matrix, while Cpijkl 
refers to that of particles. The volume of particles at this initial stage (i.e., ith stage) is 
denoted by Vi and the total volume of the composite is V0. The volume concentration of 
particle (ci) at this stage, therefore, is defined as; 
 
 
V0 
Vi = V0*ci m
ijklC
p
ijklC
( )e cijkl iC
Figure 3. 1 Conceptual Construction: Initial Stage (ith stage) 
 
0V
Vc ii =            (3.1) 
 
The composite can be viewed as an equivalent homogeneous medium shown on the right 
in Figure 3.1 with an effective stiffness tensor, Ceijkl(ci), which can be calculated using the 
dilute solution (equation 2.20), as a function of phase moduli, volume concentration of 
particles (equation 3.1), and the concentration tensor A2 (equation 2.7). 
 
( ) ( ) 2ACCcCcC mijklpijklimijklieijkl −+=         (3.2) 
 
56 
 V0
∆V
∆V
( )e cijkl iC
( )e ccijkl iC ∆+
p
ijklC
Figure 3. 2 Conceptual Construction: (i + 1)th Stage 
 
Now, at (i+1)th stage, a small volume, ∆V, of the equivalent homogeneous medium with 
an effective stiffness tensor of Ceijkl(ci), which is shown on the left side of the Figure 3.2, 
is removed, and the removed volume is replaced with the same volume of particles 
embedded randomly throughout the effective medium. Thus, the total volume of the 
composite remains the same as V0. To be realistic, it should be noted that the size of 
newly added particles is much larger than the particle size at the initial stage to allow the 
full packing of particles through the entire process of this volume replacement. During 
the removal, a volume of ∆V ci of initial particles has been also removed. The resulting 
total volume of particles at this stage, Vi+1, is calculated as: 
 
( ) VcVVV iii ∆∆ +−=+1          (3.3) 
 
By definition in (3.1), equation (3.3) can be written in the following form. 
 
( ) ( ) VcVcVcV iii ∆∆ +−=+ 010          (3.4) 
 
Rearranging (3.4) yields: 
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( ) ( )iii cVccV −=−+ 110 ∆          (3.5) 
 
which in turn gives an expression for the incremental volume concentration, ∆c as 
follows: 
 
( ) 01 V
V
c
c
i
∆∆ =−           (3.6) 
 
or in the limit, when ∆V becomes infinitesimal: 
 
( ) 01 V
dV
c
dc =−           (3.7) 
 
A new resulting effective medium on the right-hand side of Figure 3.2, now has the 
effective stiffness tensor as a function of the newly added volume fraction of particles, 
∆V/V0, the particle stiffness, the stiffness of the previous effective medium, and the 
concentration tensor.  
 
( ) ( ) ( )( ) 2
0
AcCC
V
VcCccC i
e
ijkl
p
ijkli
e
ijkli
e
ijkl −+=+ ∆∆        (3.8) 
 
Substituting (3.6) in (3.8) and rearranging yields: 
 
( ) ( )( ) 21 AcCCccC ieijklpijklieijkl −−=
∆∆         (3.9) 
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 When ∆c becomes infinitesimal, equation (3.9) can be rewritten in the following 
generalized ordinary differential form. 
 
( ) ( 21 1 ACCcdcdC eijklpijkl
e
ijkl −−= )        (3.10) 
 
Based on (3.10), corresponding expressions for effective bulk and shear moduli, K*C and 
G*C, respectively, are as follows. 
 
( ) ( )[ 21 1 AKKcdcdK CpC *
*
−−= ]       (3.11) 
( ) ( )[ 21 1 AGGcdcdG CpC *
*
−−= ]       (3.12) 
 
where, subscripts C and p denote the overall composite and particle phase, respectively, 
while the superscript * denotes the viscoelastic complex moduli. Equations (3.11) and 
(3.12) can be easily solved by integrating both sides by separating variables as: 
 
( )[ ] ( ) dccdKAKK cCc Cp ∫∫ −=−
−
1
11
2
**       (3.13) 
( )[ ] ( ) dccdGAGG cCc Cp ∫∫ −=−
−
1
11
2
**       (3.14) 
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The integration boundary values for the effective complex bulk modulus is K*C = K*m 
when c = 0, and for the effective complex shear modulus is G*C = G*m when c = 0. 
Equations (3.13) and (3.14) are sufficient starting points for obtaining the effective 
property of a generalized two-phase composite. Now the remaining task is to define the 
strain concentration tensor, A2, and solving these equations. 
 
3.1.2 Three-phase Model 
 
A more generalized version of the differential scheme model construction process 
for a three-phase composite is given by Norris [1985]. The same removal-replacement 
process is used, but with two different types of particles. In sum, this equals the total 
volume of the particulate phase, with the total volume of the composite kept fixed at V0 
during the entire process. Following this process, a general expression for a three-phase 
composite’s stiffness tensor at an arbitrary stage of the removal-replacement process, 
parameterized with t, is obtained as: 
 
( ) ( )
( ) ( ) ( ) ( )[ ] ⎟⎠⎞⎜⎝⎛⎟⎟⎠
⎞
⎜⎜⎝
⎛
−−+−+
⎟⎠
⎞⎜⎝
⎛−+⎟⎠
⎞⎜⎝
⎛−=
dt
dc
c
cACCcACC
dt
dcACC
dt
dcACC
dt
dC
ee
ee
e
1
1
22
2
11
1
2
2
21
1
1
    (3.15) 
 
where, C1, C2, and Ce are the stiffness tensor of inclusion type 1, inclusion type 2, and the 
effective medium, respectively. Also, c1, c2, and c refer to the volume concentration of 
inclusion 1, 2, and the total inclusion phase as the sum of c1 and c2 (c = c1 + c2), 
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respectively. Strain concentration tensors due to the presence of dissimilar inclusions 1 
and 2 are represented as A1 and A2, respectively. 
 In equation (3.15), two interesting cases of inclusion (particle) combinations can 
be assumed to further simplify the expression, namely, inclusions with different aspect 
ratios but the same moduli and inclusions with the same aspect ratio but with different 
moduli. Especially, for the latter case, an inclusion phase with zero modulus can be 
considered, such as air voids. 
For the first case, it is assumed that C1 = C2 with respective volume 
concentrations of c1 and c2, but the strain concentration tensor A1 and A2 are not the same 
since their aspect ratios are different. Then the equation (3.15) can be rewritten as: 
 
( )
( ) ( ) ( )[ ] ⎟⎠⎞⎜⎝⎛⎟⎟⎠
⎞
⎜⎜⎝
⎛
−+−+
⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−=
dt
dc
c
cAcACC
dt
dcA
dt
dcACC
dt
dC
e
e
e
1
1
2211
1
2
2
1
1
1
    (3.16) 
 
Since c = c1 + c2, by introducing fractional constants p1 and p2 for the respective inclusion 
materials 1 and 2 in such a way that c1 = c (p1) and c2 = c (p2), the relationship between 
the volume concentration of inclusions is written as: 
 
cpcpc 21 +=         (3.17) 
 
It follows that: 
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⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛=
dt
dcp
dt
dcp
dt
dc
21       (3.18) 
 
Substituting (3.18) in (3.16) reduces to: 
 
( )( ) ⎟⎠⎞⎜⎝⎛+−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−= dt
dcApApCC
cdt
dC ee
2211
1
1
1      (3.19) 
 
Equation (3.19) further reduces to: 
 
( )( 221111 1 ApApCCcdcdC e
e
+−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−= )       (3.20) 
 
With C1 representing the sole stiffness tensor of particles, when p1 diminishes p2 becomes 
1, the equation (3.20) is exactly the same as equation (3.10), which is the governing 
ordinary differential equation for a two phase composite. 
For the second case, when the two inclusion phases have the same aspect ratios, 
but one phase is treated as a fraction of void space, say c2 = c (p2), the stiffness tensor of 
material 2, C2, is deleted from equation (3.15). 
 
( )
( ) ( ) ( )[ ] ⎟⎠⎞⎜⎝⎛⎟⎟⎠
⎞
⎜⎜⎝
⎛
−−−+
⎟⎠
⎞⎜⎝
⎛−⎟⎠
⎞⎜⎝
⎛−=
dt
dc
c
pcACpcACC
dt
dcpAC
dt
dcpACC
dt
dC
ee
ee
e
1
1
2211
1
2211
1
    (3.21) 
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Rearranging (3.21) results in: 
 
( ) ( )[ 221111 1 ACpACCpcdcdC ee
e
−−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−= ]      (3.22) 
 
For the first case as of the equation (3.20), specific expressions of the effective bulk and 
shear moduli, K*C and G*C, in integration by separating variable forms are as follows. 
 
( )( )[ ] ( ) dccdKApApKK cCc Cp ∫∫ −=+−
−
1
11
2211
**      (3.23) 
( )( )[ ] ( ) dccdGApApGG cCc Cp ∫∫ −=+− − 1
11
2211
*      (3.24) 
 
For the second case in equation (3.22), expressions of the effective bulk and shear moduli, 
K*C and G*C, are written as: 
 
( ) ( )[ ] ( ) dccdKAKpAKKp cCc CCp ∫∫ −=−−
−
1
11
2211
***      (3.25) 
( ) ( )[ ] ( ) dccdGAGpAGGp cCc CCp ∫∫ −=+−
−
1
11
2211
***      (3.26) 
 
The integration boundary of K*C Æ K*m and G*C Æ G*m as c Æ 0 still holds for the above 
three-phase composite cases. Equations (3.23) through (3.26) will provide the basis for 
further three-phase model derivations and analyses. 
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3.2 Strain Concentration Factor for General Ellipsoids 
 
Having the generalized differential governing equations in hand, the next task is 
to define the strain concentration tensors for various particle geometries and for different 
phase moduli, e.g., bulk or shear. Some typically appearing shapes of mineral aggregate 
particles are considered, and then the corresponding strain concentration factors for both 
bulk and shear complex moduli of these shapes are determined through the calculation of 
the corresponding Eshelby’s tensors. 
 
3.2.1 Shapes of Particles 
 
Mineral aggregate particles mixed with asphalt binders to produce the hot-mix 
asphalt (HMA) concrete, are typically manufactured by crushing rock messes, which 
have been blasted and excavated in quarries. Thus, a majority of aggregate particles are 
angular in shape with multiple cut faces. These particle shapes have been mostly 
simulated as spheres in micromechanics modeling attempts made so far in the asphalt 
material literature [Buttlar et al. 1999, Shashidhar and Shenoy 2002, Yin et al. 2008].  
In reality, mineral aggregate particles are very diverse in their shapes as shown in 
Figure 3.3. In practice, extremely elongated or flat particles of aspect ratio greater than 
1:5, shortest to longest dimension ratio, are not desired, and thus, not more than 10 % of 
these particles in HMA production are typically allowed [ASTM D 4791, “Flat or 
Elongated Particles in Coarse Aggregate”]. However, it is possible that a significant 
amount of particles, which marginally pass the 1:5 ratio criteria, will be incorporated in 
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the HMA. Therefore, it is desirable to include some of these non-spherical particle shapes 
in the modeling scheme used. 
 
 
(a) (b
)
(c) (d
)
Figure 3. 3 Various Shapes of Aggregates: (a) a pile of crushed limestone containing 
mixed particle shapes, (b) a roughly cubical particles, (c) elongated particles, and (d) 
flat particles 
 
In this study, it was decided to consider a typical range of particle aspect ratios, 
which can represent some of the flat or elongated particles present in HMA mixtures. 
Specifically, seven different shapes of particles were selected, as summarized in Table 
3.1. 
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 Table 3. 1 Particle Shapes Selected for Modeling 
Class Visualization Aspect Ratio 
1:1:1/5 
1:1:1/3 
Oblate 
Spheroid  
(a1 = a2 > a3) 
 
 
1:1:1/2 
Sphere 
(a1 = a2 = a3) 
 
1:1:1 
2:1:1 
3:1:1 
Prolate 
Spheroid 
(a1 > a2 = a3)  
5:1:1 
1
2 
3 
1
2 
1
2 
3 
3 
 
In table 3.1, oblate spheroids are representative of flat particles in the aspect ratio 
range from 1:1:1/2 to 1:1:1/5. On the other hand, prolate spheroids are simulating the 
elongated particles of the aspect ratio range from 2:1:1 to 5:1:1.  
 
3.2.2 Eshelby’s Tensor 
 
As discussed in 2.3.1, the Eshelby’s Equivalent Inclusion method provides a 
powerful means of determining effective properties of heterogeneous particulate 
composite systems with general ellipsoids. The inclusion geometry (shape) effect is 
considered through the Eshelby’s tensor, Sijkl, which depends upon particles aspect ratios. 
The explicit solution process for calculating this fourth order isotropic tensor is given by 
Mura [1982]. A limitation of using the Eshelby’s tensor in consideration of particle shape 
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effects following the solution process provided by Mura is that the orientation of particles 
is not random but aligned. The particle alignment with an axis in the Cartesian coordinate 
system essentially results in transversely isotropic composites. To fully characterize a 
transversely isotropic material, five independent components of stiffness tensor are 
required [Walpole 1969 and Lee and Mear 1991]. However, full characterization of 
transversely isotropic materials was not an objective of this study. In fact, an HMA 
concrete can be better described as a random particulate composite with random 
distribution of particle sizes and orientations. In order to account for the random 
alignment of general elliptic particles (as can be regarded as the particle arrangement in 
HMA mixtures), the Eshelby’s tensor needs to be averaged over all possible orientations 
of particles [Wu 1966, Walpole 1969, Berryman 1980, Norris 1989, and Lee and Mear 
1991]. The task involves a great deal of additional math, which can be accomplished in 
the future in a follow-up research program to move forward to practical implementations. 
However, even with the limitations of the aligned general elliptical particle model, the 
results will still provide significant insight towards the effect of particle shape on the 
composite E* of HMA mixtures. This eventually led to the decision to limit the current 
study to the case of aligned particulate composite, leaving the random alignment problem 
to be addressed in future research. 
Some of the Eshelby’s tensor components, which are needed to further calculate 
the strain concentration factors for bulk and shear moduli, are: 
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( ) ( )
( ) ( )
( ) ( )
( ) ( ) ( )2112
2
2
2
1
1212
113
2
31133
112
2
21122
111
2
11111
116
21
116
18
21
18
1
18
21
18
1
18
21
18
3
IIIaaS
IIaS
IIaS
IIaS
+−
−+−
+=
−
−+−=
−
−+−=
−
−+−=
νπ
ν
νπ
νπ
ν
νπ
νπ
ν
νπ
νπ
ν
νπ
      (3.27) 
 
Other components not listed in equation (3.27) are obtained by the cyclic permutation and 
the components, which are not obtained by the permutation, are zero. The geometry 
parameters a1, a2, and a3 are the dimensions of inclusions shown in Table 3.1, and the 
simplified forms of surface integrals Ii and Iij will be given depending on the particle 
shapes. The Poisson’s ratio in equation (3.27) is the matrix Poisson’s ratio for a dilute 
case composite. On the other hand, as will be shown later in this chapter, the Poisson’s 
ratio for the differential scheme effective medium theory needs to be updated at every 
iteration during homogenization, and thus, it takes the form of an effective viscoelastic 
Poisson’s ratio, ν*, of the effective medium. The implication of this Poisson’s ratio 
replacement is that the resulting strain concentration factors will depend on the phase 
moduli of particles and the effective medium, not on the initial matrix material. 
 
3.2.2.1 Spherical Particles 
 
As the simplest case, the surface integrals for spheres are given as: 
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2312312332211
321
5
4
3
4
a
IIIIII
III
π
π
======
===
       (3.28) 
 
Components of Eshelby’s tensor are calculated as: 
 
( )
( )
( )ν
ν
ν
ν
ν
ν
−
−===
−
−======
−
−===
115
54
115
15
115
57
313123231212
332222111133331122331122
333322221111
SSS
SSSSSS
SSS
     (3.29) 
 
3.2.2.2 Oblate Spheroid (a1 = a2 > a3) 
 
For an oblate spheroid aligned with the direction of x3 axis, the surface integrals 
are given as: 
 
( )
( )( )
( )( ) 1323332123 312313
2
1
2
3
31
2
1
132
1
12
12221113
2
1
2
1
2
3
1
3
1
31
2
32
3
2
1
3
2
1
21
243
44
1
24
12
I
a
I
aa
IIII
aa
II
a
I
a
I
IIIII
a
a
a
a
a
a
aa
aaII
−=−
−==
−
−−=−=
==−=
⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
== −
π
ππ
π
π
,
,
cos
     (3.30) 
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With geometry parameters a1, a2, and a3 for the three cases of oblate spheroids shown in 
Table 3.1, equations in (3.30) are calculated. Their quantities are summarized in Table 
3.2. 
 
Table 3. 2 Surface Integrals for Oblate Spheroids 
Aspect Ratio 
(a3/a1) 
I1 = I2 I3 I11 = I22 = I12 I13
1/2 ⎟⎠
⎞⎜⎝
⎛
55
52π  ⎟⎠
⎞⎜⎝
⎛
55
294π  ⎟⎠
⎞⎜⎝
⎛
55
101
12
π  ⎟⎠
⎞⎜⎝
⎛
55
16
3
4π  
1/3 ⎟⎠
⎞⎜⎝
⎛
96
70π  ⎟⎠
⎞⎜⎝
⎛
96
614π  ⎟⎠
⎞⎜⎝
⎛
384
251
12
π  ⎟⎠
⎞⎜⎝
⎛
128
29π  
1/5 
2
π  π3  ⎟⎠
⎞⎜⎝
⎛
400
67
12
π  ⎟⎠
⎞⎜⎝
⎛
48
5π  
 
Table 3. 3 Components of Eshelby's Tensor for Oblate Spheroids 
Aspect Ratio 
(a3/a1) 
S1111 S1122 S1133 S1212
1/2 ( )ν
ν
−
−
1440
104153  ( )ν
ν
−
+−
11320
31255  ( )ν
ν
−
+−
11320
31292  ( )ν
ν
−
−
11320
312257  
1/3 ( )ν
ν
−
−
112288
22403379  ( )ν
ν
−
+−
112288
2240367  ( )ν
ν
−
+−
112288
2240772  ( )ν
ν
−
−
112288
22401873  
1/5 ( )ν
ν
−
−
1512
6499  ( )ν
ν
−
+−
11536
19229  ( )ν
ν
−
+−
1384
4819  ( )ν
ν
−
−
11536
192163  
 
Using the quantities, scalar quantities of the Eshelby’s tensor components 
presented in equation (3.27) can be obtained if a specific value of the Poisson’s ratio, ν, is 
given. Without assuming any specific value of ν, finally, simplified expressions for these 
Eshelby’s tensor components are obtained and summarized in Table 3.3. 
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 3.2.2.3 Prolate Spheroid (a1 > a2 = a3) 
 
For a prolate spheroid, the surface integrals are given as: 
 
( )
( )( )
( )( ) ( )( )2221 1222232221 12232222
233322122
1
112
2
2
1
12
12
21
3
11
2
1
2
3
2
1
3
1
2
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3
2
1
2
31
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4
43
243
2412
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a
I
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a
I
IIII
a
I
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a
a
a
a
a
a
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−
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−−−=
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−=
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⎫
⎪⎩
⎪⎨
⎧
⎟⎟⎠
⎞
⎜⎜⎝
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⎞
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−
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,
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    (3.31) 
 
Table 3. 4 Surface Integrals for Prolate Spheroids 
Aspect Ratio 
(a1/a3) 
I1  = I2 I3 I13 = I23 I33
2 π⎟⎠
⎞⎜⎝
⎛
3
2  π⎟⎠
⎞⎜⎝
⎛
3
5  π⎟⎠
⎞⎜⎝
⎛
3
1  π⎟⎠
⎞⎜⎝
⎛
9
1  
3 π⎟⎠
⎞⎜⎝
⎛
9
4  π⎟⎠
⎞⎜⎝
⎛
9
16  π⎟⎠
⎞⎜⎝
⎛
6
1  π⎟⎠
⎞⎜⎝
⎛
27
1  
5 π⎟⎠
⎞⎜⎝
⎛
9
2  π⎟⎠
⎞⎜⎝
⎛
9
17  π⎟⎠
⎞⎜⎝
⎛
72
5  π⎟⎠
⎞⎜⎝
⎛
2700
19  
 
With geometry parameters a1, a2, and a3 for the three cases of prolate spheroids shown in 
Table 3.1, equations in (3.31) are calculated, and their calculated quantities are 
summarized in Table 3.4. Using the quantities in Table 3.4, simplified expressions of 
71 
Eshelby’s tensor components for prolate spheroids are obtained and summarized in Table 
3.5. 
 
Table 3. 5 Components of Eshelby's Tensor for Prolate Spheroids 
Aspect Ratio 
(a1/a3) 
S1111 S1122  S1133 S1212
2 ( )ν
ν
−
−
112
23  ( )ν
ν
−
+−
124
41  ( )ν
ν
−
+−
124
41  ( )ν
ν
−
−
124
76  
3 ( )ν
ν
−
−
172
813  ( )ν
ν
−
+−
1144
165  ( )ν
ν
−
+−
1144
165  ( )( )ν
ν
−
−
1144
875  
5 ( )ν
ν
−
−
1288
1627  ( )ν
ν
−
+−
1576
3211  ( )ν
ν
−
+−
1576
3211  ( )ν
ν
−
−
1576
152141  
 
3.2.3 Strain Concentration Factors 
 
The expression for the strain concentration factor in tensor form has been given in 
equation (2.21), that is:  
 
( ) ( )[ ] 110 −− −−== pmm
kl
p
kl CCCSIA ε
ε       (3.32) 
 
As defined earlier, it signifies the averaged strain field in the inclusion domain altered by 
the presence of inhomogeneity in the composite as the ratio to the applied uniform far 
filed strain, ε0. In the above equation (3.32), Iijkl is a fourth order identity tensor, which 
has the magnitude of 1 for pure shear and hydrostatic loading cases, and is defined as: 
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( jkiljlikijklI δδδδ += 21 )        (3.33) 
 
where, δij is the Kroneker delta function. Sklmn is the Eshelby’s tensor, whose components 
are calculated and given in equation (3.29) for sphere, in Table 3.3 for oblate spheroids, 
and in Table 3.5 for prolate spheroids, respectively. For bulk modulus calculations, the 
components S1111, S1122, and S1133 are needed; and for shear modulus calculations, S1212 is 
the only component needed. Cijkl is the fourth order stiffness tensor, and for an isotropic 
3D material its components are found by: 
 
( )jkiljlikklijijklC δδδδµδλδ ++=       (3.34) 
 
where, λ and µ are Lame’s constants. For a pure shear case (e.g., ε12 is the only applied 
far field strain), the stiffness tensor obtained by equation (3.34) has the magnitude of 2µ, 
which equals 2G, the shear modulus. For the case of hydrostatic loading (e.g., ε11 = ε22 = 
ε33 = ε is the applied far field uniform strain), equation (3.34) gives the magnitude of 3K, 
where K is the bulk modulus. With the magnitude of these tensors (Iijkl, Sklmn, and Cijkl) 
defined, equation (3.32) can be solved for effective bulk and shear moduli, and for the 
different particle geometries selected earlier. 
 For an effective bulk modulus, with I = 1 and C = 3K: 
 
( ) ( )[ ] ( )SKKK KKKKSA mpm mpmm −+=−−= −− 11 3331      (3.35) 
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where, subscripts m and p again refer to the matrix and particle phases, respectively, for a 
dilute concentration of the composite. 
 For an effective shear modulus, with I = 1 and C = 2G: 
 
( ) ( )[ ] ( )SGGG GGGGSA mpm mpmm −+=−−= −− 11 2221      (3.36) 
 
Strain concentration factors calculated for the bulk and shear modulus cases in equation 
(3.35) and (3.36), respectively, essentially take the same form except for the difference in 
moduli. In fact, the most influential difference between these two forms is the Eshelby’s 
tensor, S, as it takes totally different components for each case. 
For calculations of the effective bulk modulus, the hydrostatic loading is applied 
in such a way that the applied far field stresses are all equal in all three directions, 1, 2, 
and 3. Since this study follows the strain formulation instead of stress to directly obtain 
expressions for moduli rather than compliances, the loading boundary condition is 
transformed into the equivalent deformation boundary, i.e., the composite is experiencing 
an isotropic volume change such that ε011 = ε022 = ε033 = ε0. Under this condition, the 
Eshelby’s tensor, Sklmn, has the following three components. 
 
11331122111111 SSSSS mmklmn ++==       (3.37) 
 
For a spherical particle, from (3.29): 
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( ) ( ) ( )ν
ν
ν
ν
ν
ν
−
+=⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
−+−
−=
13
1
115
152
115
57
11mmS      (3.38) 
 
For calculations of the effective shear modulus, a pure shear strain boundary 
condition is applied at far field, i.e., ε012 = ε0. Under this condition, the Eshelby’s tensor, 
Sklmn, has the following two components. 
 
12121221121212 2 SSSSS mnklmn =+==       (3.39) 
 
For a spherical particle, the Eshelby’s tensor for a pure shear case is calculated from 
(3.29) as follows: 
 
( )⎟⎟⎠
⎞
⎜⎜⎝
⎛
−
−= ν
ν
115
5422 1212S        (3.40) 
 
In this study, it is convenient to replace the Poisson’s ratio, ν, in (3.38) and (3.40) with 
moduli terms to solve equations (3.13), (3.14), and (3.23) through (3.26), in which an 
infinite number of matrix material property updates takes place. Through this infinite 
number of updates the matrix property eventually becomes the effective property of the 
composite, in other words, an integration variable in these equations. As the matrix 
modulus updates, the Poisson’s ratio also needs to be updated, but this change can not be 
properly considered with the form of ν. Therefore, the previously obtained Eshelby’s 
tensor components in equation (3.29), Table 3.3, and Table 3.5, will be converted using 
75 
the relationship between ν and K and G. In the theory of linear elasticity, ν is expressed 
with K and G as: 
 
( )GK
GK
+
−=
32
23ν         (3.41) 
 
Replacing (3.41) in (3.38) and (3.40) yields: 
 
⎟⎟⎠
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+
+=
+=
mm
mm
mm
m
mm
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GK
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2015
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43
3
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      (3.42) 
 
Substituting the results in (3.42) into (3.35) and (3.36), we arrive at the final expressions 
for the strain concentration factors of bulk and shear effective moduli, respectively, of the 
sphere as follows: 
 
( )
( ) ( )( )mmmpmmm mmm
mp
mm
GKGGGKG
GKGAshearfor
GK
GKAbulkfor
26435
435
43
43
+−++
+=
+
+=
:
:
     (3.43) 
 
In similar ways from (3.35) to (3.42), strain concentration factors for oblate spheroids and 
prolate spheroids can be obtained, as summarized in Table 3.6. 
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Table 3. 6 Strain Concentration Factors 
Aspect 
Ratio A_bulk A_shear
1:1:1/5 
( )
mmp
mm
GKK
GK
32159
438
++
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
35520143384
43384
+−++
+  
1:1:1/3 
( )
mmp
mm
GKK
GK
25687105
4364
++
+  
( )
( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
1371753431024
431024
+−++
+
 
1:1:1/2 
( )
( )mmp
mm
GKK
GK
55124117
4355
++
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
56930343330
43330
+−++
+  
1:1:1 
mp
mm
GK
GK
43
43
+
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
26435
435
+−++
+  
2:1:1 
( )
mmp
mm
GKK
GK
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432
++
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
26154312
4312
+−++
+  
3:1:1 
( )
mmp
mm
GKK
GK
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43
++
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
5354312
4312
+−++
+  
5:1:1 
( )
mmp
mm
GKK
GK
85
432
++
+  ( )( ) ( )( )mmmpmmm mmm GKGGGKG
GKG
29319543144
43144
+−++
+  
 
With equations (3.13), (3.14), and (3.23) to (3.26); and the strain concentration 
factor results summarized in the above table, now, an example solution process of the 
differential scheme model and the specific solutions for various model cases will be 
presented in the following sections. 
 
3.3 Two-phase Differential Scheme Solutions 
 
A spherical particle two-phase model solution process is first presented. First, an 
elastic particle case whose modulus is much greater than that of the matrix material 
(asphalt binder) is solved in the following section, 3.3.1. In the next section, the same 
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spherical particle with zero-modulus case, which simulates the effective modulus of 
porous media, is presented. 
 
3.3.1 Elastic Particles 
 
For a spherical elastic particle embedded composite, the effective moduli, K and G, can 
be calculated using equation (3.13) and (3.14) with corresponding strain concentration 
factors in (3.43). Starting with the bulk modulus case (3.13), substituting (3.43) results in: 
 
( ) ( ) dccdKGK GKKK cCc Cp CCCp ∫∫ −=⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
+−
−
1
1
43
43
1
*
*
**
*      (3.44) 
 
Note that the matrix moduli (Km and Gm) shown in equation (3.43) are replaced by the 
effective moduli (K*C and G*C) in equation (3.44). The replacement is made to account 
for the updated matrix property at every stages of iteration during homogenization 
process as briefly discussed in section 3.2.2. Integrating both sides of (3.44) gives: 
 
( ) ( ) ( ) γ+−−=++−− cLnGKLnKKLn CCpC 143 ***      (3.45) 
 
where, γ is an integration constant, which is equal to Ln(e)γ. Now, (3.45) can be rewritten 
as: 
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Removing the natural log on both sides, we obtain: 
 
( )
γe
c
GK
KK
CC
pC −=+
− 1
43 **
*
       (3.47) 
 
As discussed earlier, equation (3.47) should satisfy the boundary condition, that is, when 
the volume concentration of particles, c, is zero, K*C and G*C should converge to K*m and 
G*m, respectively. Therefore, the integration constant, now eγ, can be obtained as: 
 
pm
mm
KK
GKe −
+= *
** 43γ        (3.48) 
 
Substituting (3.48) into (3.47) results in: 
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**
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**
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      (3.49) 
 
Rearranging (3.49), finally, yields the solution for effective bulk modulus of two-phase 
elastic spherical particulate composite, as follows: 
 
( )( ) ⎥⎦
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⎡
+
+−−−= **
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**
mm
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mppC GK
GKKKcKK
43
431      (3.50) 
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 Following the same solution process using equation (3.14) and the strain concentration 
factor in (3.43), the solution for effective complex shear modulus is obtained as: 
 
( )( ) 5
1
5
2
43
431 ⎥⎦
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⎡
+
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The solution for the effective complex shear modulus takes a somewhat more complex 
form (with an added term of moduli ratio and exponents on phase moduli) than the 
solution for the bulk modulus. This follows as a result of the complex expressions of the 
strain concentration factors for shear moduli (Table 3.6). The solutions (3.50) and (3.51) 
precisely recover boundary conditions for both extremes of particle volume 
concentration; i.e., when c = 0, (3.50) and (3.51) reduce to K*m and G*m, respectively, and 
when c = 1, (3.50) and (3.51) reduce to Kp and Gp, respectively. 
 Now, solutions for other particle shapes follow through the same solution process 
from (3.44) to (3.51) with their corresponding strain concentration factors. 
 
For an oblate spheroid of a3/a1 = 1/5: 
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 For an oblate spheroid of a3/a1 = 1/3: 
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For an oblate spheroid of a3/a1 = 1/2: 
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For a prolate spheroid of a1/a3 = 2: 
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For a prolate spheroid of a1/a3 = 3: 
81 
 ( )( )
( )( ) 48
5
12
5
3
1
43
431
43
431
⎥⎦
⎤⎢⎣
⎡
+
+⎥⎦
⎤⎢⎣
⎡−−−=
⎥⎦
⎤⎢⎣
⎡
+
+−−−=
**
**
*
*
**
**
**
**
mm
CC
m
C
mppC
mm
CC
mppC
GK
GK
G
GGGcGG
GK
GKKKcKK
     (3.56) 
 
For a prolate spheroid of a1/a3 = 5: 
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Solutions presented in equations (3.50) through (3.57) show that their basic 
solution forms are exactly the same except for the exponents on the terms for the moduli 
ratio, which are the only changed quantities that depend on particle geometry. 
 
3.3.2 Porous Media 
 
A porous material is simply another type of composite material, where the voids 
in the material can be regarded as a particulate phase. Obviously, in this case, the 
particulate phase has no structural capacity, i.e., zero modulus. An HMA concrete can be 
also regarded as a porous medium, with typical air void contents in the mixture ranging 
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somewhere between 3 to 8 % by volume. It is in this regard, the differential scheme 
modeling approach presented earlier in this chapter can be used to predict HMA mixture 
properties. Since the solution process is exactly the same as that presented in the 
preceding section for hard elastic particles, in this section, the final solutions are directly 
presented. With particle moduli Kp = Gp = 0, starting from equation (3.13) and (3.14) 
with the strain concentration factors in (3.43) for spherical air voids, the effective 
complex bulk and shear moduli, K*C and G*C, are given as: 
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where, c is, now, the volume concentration of spherical air voids. Equations in (3.58) are 
useful for a sequential approach, which will be discussed in section 3.5. 
 
3.4 Three-phase Differential Scheme Solutions 
 
Now, the differential scheme modeling approach is expanded to a somewhat more 
generalized form having three-phase assumptions. In this section, a combination of two 
different elastic particles with the same modulus will be first presented as was discussed 
in section 3.1.2. Then the second case, a combination of an elastic spherical particle and a 
spherical air void, will be discussed. 
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3.4.1 Elastic Sphere and Oblate Spheroid 
 
Lee and Mear [1991] and Li and Castaneda [1993] observed that the oblate and 
prolate spheroids significantly alter the effective modulus of particulate composites, 
especially when the particles are aligned. Prolate spheroids are expected to enhance the 
modulus in extension when aligned parallel to the loading axis, as the particles become 
similar to aligned fibers. On the other hand, oblate spheroids are expected to enhance 
both extensional modulus and shear modulus of the composite. Although aligned 
particles may not represent the general particle arrangement in HMA mixtures, it is 
expected that a combination of different shape particles can provide valuable information 
concerning the effect of particle shapes in HMA mixture property prediction, as 
discussed earlier. 
As an example combination of two different elastic particles, a sphere and an 
oblate spheroid with a moderate aspect ratio of 1/3 (a3/a1 = 1/3) are selected to construct 
a three-phase differential scheme model. Moduli of the two particles are assumed to be 
the same, and the particles are further assumed to be well dispersed in the composite with 
the oblate spheroids being aligned. To simplify the example solution, these particles are 
assumed to be equally concentrated in the composite in such a way that the fractional 
constants p1 and p2 in equations (3.23) and (3.24) equal 1/2. This assumption simplifies 
(3.23) and (3.24) as: 
 
    ( )( ) ( ) dccdKAAKK cCc Cp ∫∫ −=⎥⎦
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**      (3.59) 
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with corresponding strain concentration factors, the final solutions for (3.59) and (3.60) 
are given below following the same way of the solution process presented in 3.3.1. 
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(3.61) 
 
As can be seen from the solutions above, despite the assumptions to make the solutions 
simple, having more than two material phases in the composite resulted in very complex 
forms of the model when compared to the previously derived two-phase models. 
Although these forms look awkward due to the additional parameters, α, β, etc., the 
solutions in (3.61) still maintain the basic structure shown in the cases of two-phase 
solutions and can be rather easily solved by utilizing commercial scientific software 
packages, spreadsheets, etc. 
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3.4.2 Elastic Sphere and Spherical Void 
 
A combination of a hard elastic sphere and spherical void is chosen to construct a 
three-phase differential scheme model, which may be derived to obtain explicit solutions 
similar to that in equation (3.61), to directly calculate effective properties of HMA 
mixtures with some amount of air voids. The starting point of this model combination is 
equations (3.25) and (3.26).  
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***      (3.63) 
 
Note that no further assumptions have been made to simplify the starting equations (3.62) 
and (3.63), since assuming equal fractional constants (p1 and p2), as in the case of 
previous combination of two elastic particles (section 3.4.1), does not make sense for the 
case of elastic spheres and zero-modulus voids. Through the integration operations, the 
solution for bulk moduli is obtained as: 
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The solution for shear moduli, on the other hand, would not be easily obtained 
due to the very complex combinations of p1 and p2 to mainly form highly coupled 
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functions for exponents of at least 5 phase moduli terms and particle volume 
concentration term in the solution. Therefore, it was determined that the pursuing this 
combination of three-phase differential scheme model may not be practical, nor an 
effective way to obtain the predictions of effective properties such as HMA mixtures. 
Instead, an alternative multi-phase modeling approach, a sequential approach, is proposed 
to obtain a rational effective material property prediction for HMA mixtures, which are 
indeed multi-phase particulate composites.  
 
3.5 Alternative Multi-phase Modeling Approach: A Sequential Approach 
 
 
p m 
Ce NV
Ce NV void 
Ce V
Figure 3. 4 A Sequential Modeling Approach 
 
No newer model derivation is needed for the alternative approach proposed herein. 
The approach is simple and straightforward by taking a sequence using the model 
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solutions derived in the preceding sections. Figure 3.4 below demonstrates the sequence 
schematically. 
The first step in the sequence is to obtain the effective material properties, Ce_NV, 
shown on the upper right corner of the figure starting from the individual constituent 
properties, shown on the upper left corner. In this step, both two-phase differential 
scheme solutions and three-phase solutions given in (3.61) can be used to calculate the 
effective property as a ‘no-void’ composite (the subscript NV suggests this). Once the 
homogeneous effective property of the no-void composite obtained, it is assumed that 
some amount of spherical air voids are randomly dispersed through the effective medium 
as shown on the schematic in the lower left corner. The effective property of this porous 
material is then obtained using equation (3.58), the solution for a two-phase composite 
with spherical air voids. The effective material property, Ce_V, shown in the lower right 
corner on the schematic is the final value for the composite with air voids, which is to be 
analyzed. 
 
3.6 Summary 
 
In this chapter, various differential scheme model cases were derived. Two-phase 
elastic spherical particle model solutions in equations (3.50) and (3.51) will serve as the 
solutions for a special model case, which can predict effective properties of the composite 
as a random, isotropic material in the macro scale. Two-phase elastic models with various 
particle aspect ratios are expected to provide baseline information regarding the effect of 
particle shapes in HMA mixtures. Example three-phase model solutions presented in 
88 
equation (3.61) will offer an opportunity to evaluate the effect of increased model 
sophistication for the prediction of HMA mixture effective properties. Finally, a 
sequential differential scheme modeling approach described in the previous section is 
expected to demonstrate the feasibility of the proposed modeling framework in this study. 
Details of modeling results and analysis will be discussed in Chapter 6. 
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CHAPTER 4 EXPERIMENTAL METHODS 
 
4.1 Objectives 
 
The main objective of the laboratory testing performed in this study was to build 
an asphalt material property database to provide essential input variables and validation 
data for analytical modeling of HMA mixtures using the micromechanics formulations 
developed in Chapter 3. Accordingly, asphalt binder, mastic, and HMA mixture data 
were collected over a range of temperatures and loading times. Specific mechanical 
properties of asphalt materials sought in this study were the viscoelastic complex moduli 
either in extension (E*) or in shear (G*) depending on the testing device capability. It 
was also desired that these separate measurements of E* and G* would provide an 
opportunity to calculate the Poisson’s ratio (ν), which may vary considerably over the 
range of testing temperatures and loading frequencies associated with typical pavement 
responses desired for analysis and design in pavement engineering. As discussed earlier 
in section 2.4.1, the complex modulus, which can be expressed as a function of loading 
frequency (f [Hz]), has a benefit over material properties defined in the time (t) domain 
such as creep compliance (D), creep stiffness (S), or relaxation modulus (E), since the 
elastic-viscoelastic correspondence principal allows direct use of elasticity theories for 
viscoelastic material properties in the frequency (f) domain, which is the Fourier 
transformed domain. Therefore, the specific objective of the experimental study was set 
to measure the complex moduli of various asphalt materials over a sufficiently wide 
range of loading frequencies. This objective has been achieved satisfactorily by 
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conducting temperature and frequency sweep tests, which will be discussed in the later 
sections of this chapter, based on the time-temperature superposition principle described 
in section 2.4.2. 
 
4.2 Materials 
 
To represent a reasonably wide range of HMA mixtures, a total of 14 different 
materials formed using combinations of 3 different asphalt binders and 3 different 
aggregate compositions (gradations) were produced. 
 
4.2.1 Aggregates 
 
The Young’s modulus of aggregate typically ranges between 35 to 70 GPa 
depending upon mineralogical composition. Two commonly used aggregates in HMA 
mixture production are crushed limestone and granite. The Young’s moduli range from 
30 to 60 GPa and 31 to 60 GPa for limestone and granite, respectively [The Aggregate 
Handbook 1991]. You [2003] reported even wider variations in modulus of limestone 
aggregates after testing two different colored limestones obtained from two distinct 
ledges in a quarry located in Kankakee, Illinois, under uniaxial compression. The 
modulus values he reported ranged from 35 GPa for a light grey colored limestone to 85 
GPa for a beige colored limestone. In this study, only uniformly colored limestone from a 
single source in Illinois was used in the mixture. 
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4.2.2 Asphalt Binders 
 
The complex modulus of HMA mixtures are greatly affected by the properties of 
the asphalt binders used. The asphalt binders used in this study are summarized in Table 
4.1. 
 
Table 4. 1 Asphalt Binders Used in the Study 
 Binder 1 Binder 2 Binder 3 
Designation Bin1 Bin2 HL20 
Binder Grade PG64-22 PG64-22 N/A 
Supplier Emulsicoat Urbana, IL 
Emulsicoat 
Urbana, IL 
Lab 
Produced 
Date 
Received Fall, 2003 Spring, 2006 Fall, 2007 
No. of Mixes 
Produced 6 5 3 
 
Both of the two ‘standard’ PG64-22 unmodified binders were provided by the 
same vendor, but at different times. These two binders showed pretty similar complex 
modulus values in extension (E*) at low temperatures as will be presented in the next 
chapter. These binders will be designated as ‘Bin1’ and ‘Bin2’ hereafter. The third binder, 
which is named as ‘HL20,’ was custom produced in the Advanced Transportation 
Research and Engineering Laboratory (ATREL) of the University of Illinois at Urbana-
Champaign by incorporating hydrated lime powder into the base asphalt of ‘Bin2’ for the 
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purpose of broaden the range of materials tested. More details on HL20 will be discussed 
in the next section.  
 
4.2.3 Hydrated Lime Modified Asphalt Binder 
 
 
Figure 4. 1 Hydrated Lime Powder and Mixing Setup 
 
As mentioned, a hydrated lime (Calcium Hydroxide) modified asphalt binder was 
custom produced in the lab by adding some amount of the hydrated lime powder into the 
base asphalt (Bin2) at an elevated temperature. The primary purpose of this modification 
was to add one more distinctive asphalt binder to the experimental design so that the 
produced mastics and HMA mixtures using the HL20 binder would have distinctively 
different complex modulus values than those produced by the other two unmodified 
binders. Figure 4.1 shows the hydrated lime powder (left) and the mixing device setup 
(right). To guarantee homogeneous dispersion of hydrated lime particles within the base 
asphalt, a small amount of the hydrated lime was mixed, and then the process was 
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repeated incrementally up to the target amount. A high shear mixing blade was used for 
mixing at a temperature range between 150 to 170 ºC for about 20 minutes. Some typical 
properties of the hydrated lime provided by the Mississippi Lime Company in Missouri 
are given in Table 4.2.  
 
Table 4. 2 Typical Chemical and Physical Properties of Ca(OH)2 
Ca(OH)2
(Calcium Hydroxide) 98.0 % 
Specific Gravity 2.340 
Median Particle Size 2 micron 
- 100 sieve (150 µm) 100.0 % 
- 200 sieve (75 µm) 99.0 % 
- 325 sieve (45 µm) 94.0 % 
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Figure 4. 2 Determination of Hydrated Lime (HL) Modification Level 
 
To determine a proper modification level (the volume fraction of Ca(OH)2 
powder), five trial batches were first prepared and tested for the complex shear modulus 
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(G*) at 5 and 50 ºC using a Bohlin Dynamic Shear Rheometer (DSR). The DSR G* 
measurements of the trial batches in terms of the stiffening ratio are shown in Figure 4.2. 
Based on a polynomial trend line fitted to the 5 ºC data, 20 % of HL modification level 
was determined, which would result in 3 to 4 times stiffer modified asphalt binder than 
the base asphalt binder (Bin2). The modified binder, consequently, is designated as 
‘HL20.’ It should be noted that the added HL powder is assumed to be a part of the 
continuous phase of produced asphalt binder rather than a particulate phase. This 
assumption is in accordance with the homogenization assumption of the differential 
scheme effective medium theory discussed in previous chapters. 
 
4.2.4 Full HMA Mixtures 
 
The FHWA 19 mm gradation was first used in a previous study [Buttlar and Kim 
2002] sponsored by the Federal Highway Agency in conjunction with the Turner-
Fairbanks Highway Research Center to evaluate the use of the Hollow Cylinder Tensile 
Tester for obtaining fundamental HMA low temperature properties such as creep 
compliance, tensile strength, and the dynamic modulus. The same gradation and the 
mixture design details (e.g., job-mix formula) were adopted for this study. The FHWA 19 
mm gradation was mixed with 4.9 % of Bin1 asphalt binder by weight of the total mix to 
produce the primary HMA mixture designated as ‘P25’ in Table 4.3 and 4.4. This 
primary mixture further served as a starting mixture, from which 9 different sub-mixtures 
and mastics were designed and produced as will be described in the next section. 
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The IL 9.5 mm and IL 4.75 mm mixes shown in Figure 4.4 and 4.5, respectively, 
were chosen to be included in the study for the purposes of, first, producing more 
diversity in the database as discussed earlier and, second, representing typical Illinois 
HMA mixtures. These two gradations and job-mix formulae were brought into this study 
originally from an HMA overlay project on IL130 Philo section [Al-Qadi et al. 2008]. 
Each of these two gradations was mixed with two different asphalt binders, Bin2 and 
HL20, to produce a total of four different mixture types. Mixtures with the IL 9.5 mm 
gradation were mixed with 5.6 % of asphalt cement (AC content) by weight of the mix, 
and mixtures with the IL 4.75 mm gradation were mixed with 8.6 % AC. Designations 
for different types of asphalt mixtures, aggregate volume concentration (c) levels, and 
additional details are summarized in Table 4.4. 
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Figure 4. 3 FHWA 19 mm Gradation 
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Figure 4. 4 IL 9.5 mm Gradation 
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Figure 4. 5 IL 4.75 mm Gradation 
 
4.2.5 Sub-Mixtures and Mastics 
 
A major goal of the sub-mixture design was to produce various levels of asphalt-
aggregate mixtures, which would demonstrate the gradual stiffening trend as the volume 
of aggregates increases. Starting from the primary mixture gradation (FHWA 19 mm), a 
97 
total of nine sub-mixtures and mastics were designed to represent sub-mixtures with 
aggregate volume concentrations (c) spaced as evenly as possible.  
 
Table 4. 3 Sub-Mixtures of FHWA 19 mm Primary Mixture (P25) 
Sub-mixtures Sieve 
Size (mm) P25 P19 P125 P95 P475 P236 P118 P06 P03 P015 P200 
25 X           
19 X X          
12.5 X X X         
9.5 X X X X        
4.75 X X X X X       
2.36 X X X X X X      
1.18 X X X X X X X     
0.6 X X X X X X X X    
0.3 X X X X X X X X X   
0.15 X X X X X X X X X X  
0.075 X X X X X X X X X X X 
AC Binder Bin1 Bin1 Bin1  Bin1 Bin1 Bin1 Bin2 Bin2  Bin2 HL20 
Aggregate 
Concentration 0.88 0.88 0.85 0.82 0.77 0.71 0.64 0.56 0.46 0.37 0.29 
 
In Table 4.3, sub-mixtures and their aggregate compositions are shown. The 
mixtures are designated with alpha numerals of capital ‘P’ indicating ‘passing’ followed 
by a two or three digit code, which refers to the maximum sieve size with 100 % particles 
passing. Cells marked with ‘X’ indicate that the mix in the column contains the fraction 
of aggregate size in that row. For example, the first ‘X’ mark under P25 column means 
that the mixture contains the fraction of aggregates that passed 25 mm sieve but retained 
on 19 mm sieve. The sub-mixtures (e.g., P19, P125, and so on) are obtained by 
successively removing the top size fraction from the very ahead mixture, while 
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maintaining the total volume of mixture constant. For instance, the P125 sub-mixture is 
derived by removing the19 mm sized aggregates fraction from P19. To maintain the 
constant volume of the total mixture, the removed volume of the top sized fraction of 
aggregates needs to be replaced both by the asphalt binder and the remaining aggregates, 
which are proportionally increased. Not all sub-mixtures in Table 4.3 were necessary, 
since some mixtures’ aggregate volume concent-rations are not significantly different 
between adjacent mixtures. Therefore, it was decided to skip P95 and P015 for the final 
experimental design. Table 4.4 below summarizes all the mixtures included in this study. 
 
Table 4. 4 Mixture Details 
Binder Mix Designation 
Base 
Gradation 
AC Content 
(%) 
Aggregate Volume 
Concentration (c) 
P25 FHWA 19 mm 4.9 0.88 
P19 4.9 0.88 
P125 6.3 0.85 
P475 10.4 0.77 
P236 13.7 0.71 
Bin-1 
P118 
FHWA derived 
17.7 0.64 
6495 IL 9.5 mm 5.6 0.87 
6475 IL 4.75 mm 8.6 0.80 
P06 23.2 0.56 
P03 31.1 0.46 
Bin-2 
P200 
FHWA derived 
48.1 0.29 
HL95 IL 9.5 mm 5.6 0.87 
HL475 IL 4.75 mm 8.6 0.80 HL20 
HL200 FHWA derived 48.1 0.29 
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In fact, sub-mixtures, whose top sized aggregate fraction is smaller than 4.75 mm 
have been classified as ‘mastic’ instead of general ‘sub-mixtures’ in this study following 
the same definition used by You [2003]. The breaking point of 4.75 mm seemed 
especially appropriate for this study because these fine materials usually have very high 
AC contents and obviously need special treatment in the sample preparation process. 
Details on specimen preparation will be discussed in the following sections. 
 
4.3 Hollow-Cylinder Tensile Tester (HCT) 
 
The complex modulus (E*) of HMA mixtures (or dynamic modulus (|E*|) as an 
absolute value of the complex modulus) is typically measured in a uniaxial compression 
test setup in accordance with AASHTO TP062-07-UL “Standard Method of Test for 
Determining Dynamic Modulus of Hot Mix Asphalt (HMA).” This standard test method 
is valid for typical paving grade HMA concrete mixtures. Some of the sub-mixtures and 
mastics included in this study, however, are significantly different from those usual HMA 
mixtures. Furthermore, to be consistent, it was desired that the complex modulus of 
asphalt binders be obtained from the same testing setup, in which other mixtures and sub-
mixtures are tested. These extremely soft materials would not be tested reliably for 
complex modulus under the uniaxial loading setup even at significantly low temperatures 
but higher than the glass transition temperature (tg) of them. It is highly likely that these 
materials under such a testing conditions will deform even before the loading application 
by their self weight, and also the deformation rate during loading would be greatly 
affected as well. 
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The Hollow Cylinder Tensile Tester (HCT) was, therefore, selected to mitigate 
these concerns and to better measure the complex moduli of a broad range of asphalt 
materials included in this study. In this HCT testing setup, hollowed cylinder specimens 
are tested under a liquid bath, which reduces the self weight of samples, and the direction 
of loading is perpendicular to the gravitational force direction, which is also beneficial to 
minimize the simultaneous deformations. 
 
4.3.1 Device 
 
The Hollow Cylinder Tensile Tester (HCT) was developed by Buttlar et al. [1999] 
with intended applications for measuring creep compliance, dynamic modulus, and 
tensile strength of HMA mixtures under tension. The measurement precision for creep 
compliance and tensile strength at low temperatures has been reported by Buttlar et al. 
[1999] and Al-Khateeb [2001]. The feasibility of using the HCT for measuring dynamic 
modulus of HMA mixtures at low to intermediate temperatures was explored by Buttlar 
et al. [2002]. Observing only a minor disagreement between the HCT and the uniaxial 
compression device measured E*’s expected at an extreme condition, they proved that 
the HCT can be a suitable surrogate device for the uniaxial compression dynamic 
modulus testing apparatus. 
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Figure 4. 6 HCT System Arrangement 
 
Figure 4.6 shows the main units of the HCT. The HCT system consists of three 
main units including a temperature control unit, testing unit, and data processing unit. 
The temperature control unit adjusts and maintains the testing temperature by circulating 
the cooling medium through the testing bath. Typically, potassium acetate is used as the 
cooling fluid, which can be cooled down to any practical testing temperatures far below -
30 or -40 ºC. The testing unit can be divided into two parts: the test bath and the 
hydraulic actuator. In the test bath, the core part of the HCT, the intensifier, which is 
driven by the hydraulic actuator underneath the bath, is located. Details about this testing 
unit are further illustrated in Figure 4.7. The last unit is the data processing unit, which 
consists of the signal conditioner and a data acquisition system connected to an integrated 
Labview program for controlling the device and recording the data. 
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Figure 4. 7 Intensifier and Its Work Mechanism 
 
Figure 4.7 shows the intensifier inside the bath and details about its work 
mechanism. The intensifier and a specimen mounted around it are submerged under the 
cooling fluid during the testing to maintain precise temperature control. As seen in a 
schematic cross-section of the pressure intensifier, a servo-hydraulic actuator pressurizes 
the fluid column to expand a sealed latex membrane, and consequently apply internal 
pressure to the inner surface of hollow cylinder specimen mounted around the intensifier. 
When internally pressurized, the cylinder specimen develops a very uniform tension field 
along the tangential (hoop) direction of the specimen. The induced tensile hoop stress is 
illustrated in Figure 4.8. Resulting tensile strain in the specimen can be measured either 
by the cavity volume change measured in the fluid column or by using surface strain 
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gage(s) mounted on inner surface of the specimen. For the current study, 2 inch long 
surface strain gages were used to obtain strain measurements. 
 
 
Hollow cylinder specimen 
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Figure 4. 8 Tensile hoop stress induced in a hollow cylinder specimen 
 
4.3.2 Specimen Fabrications 
 
Figure 4.9 shows the average dimensions of HCT specimens. The HCT specimens 
are either produced by coring gyratory compacted mixtures using a masonry coring rig or 
by casting hot loose mixtures in a specially designed mold.  
 
150 mm 
102 mm 24 mm 
114 mm 
 
Figure 4. 9 Recommended HCT Specimen Dimension 
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4.3.2.1 Coring Method 
 
 
Figure 4. 10 Servopac Gyratory Compactor System and a Compacted Mixture 
 
The HCT specimens of coarse mixtures with top size aggregates coarser than 4.75 
mm were produced by coring 6-inch (150 mm) diameter gyratory compacted mixtures. 
These mixtures include P25, P19, P125, P475, 6495, 6475, HL95, and HL475. The 
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specimens fabricated by the coring method were carried out through a procedure of 
mixing, compaction, coring, and instrumentation. Properly batched amounts of 
aggregates for each mixture based on the composition shown in Table 4.3 were oven 
heated to the mixing temperature of 165 ± 1 ºC. The heated aggregates were mixed with a 
corresponding amount of hot liquid asphalt in a motor driven rotating mixing bucket. The 
loose mixture was, then, placed in a convection oven at the compaction temperature of 
135 ± 1 ºC for 2 hours. The compaction was achieved using the IPC Servopac Gyratory 
compactor shown in Figure 4.10. A compacted mixture being extracted from the 
compaction mold is shown on the right. 
 
 
Figure 4. 11 Masonry Coring Rig in ATREL 
 
Once the compacted mixture was cooled down to room temperatures, the mixture 
was cored using a masonry coring rig as shown in Figure 4.11. The specimen mounting 
block in this coring system has a two-way adjustment capability to center the sample with 
the coring rig center. Also, a stiff cardboard template was used to guide the coring barrel 
to minimize eccentricity in the HCT specimens. The cored hollow cylinder specimen was 
washed and dried at room temperature before the instrumentation with surface strain 
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gages. NA-2 series precision strain gages from Micro-Measurements Division of 
Measurements Group, Inc. were used. Two strain gages were attached at the mid height 
of the inner wall of each cylinder specimen to measure the tensile circumferential (hoop) 
strain. Using two strain gages at a time also insured that at least one measurement was 
still alive in the case of unexpected damage to the other. An HCT specimen with inner 
wall mounted strain gages is shown in Figure 4.12 below. 
 
 
Figure 4. 12 Cored HCT Specimen Mounted with Strain Gages 
 
4.3.2.2 Molding Method 
 
The HCT specimens of fine mastics with top size aggregates equal or finer than 
4.75 mm and binders were produced by the molding method instead of gyratory 
compaction and coring method, since materials with an excessive amount of asphalt 
binder are not suitable for gyratory compaction. These mastics and binders include P236, 
P118, P06, P03, P200, and HL200. Specimen fabrication by the molding method was 
carried out through a procedure of mixing, molding-demolding, and instrumentation. The 
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mixing was done at the same temperature as the coarse mixtures, but a different mixing 
device, Figure 4.13 (a), was used to insure thorough mixing of finer aggregate particles 
with a large amount of hot liquid asphalt. After thorough mixing, the mixture was 
carefully poured into the aluminum mold, shown in Figure 4.13 (b), and allowed to cool 
down to room temperature. 
 
 (a) (b)
Figure 4. 13 (a) Hobart Heavy Duty Mixer (b) Aluminum HCT Mastic Mold 
 
In Figure 4.13 (b), note that transparent films are pre-attached to both in and outer sides 
of specimens to be produced to help facilitate demolding. At the bottom of the inside 
mold, a thin layer of demolding grease was applied. Demolding had to be done at very 
low temperatures, far below freezing temperature, because most of the materials 
produced in the mold were very soft and easy to deform, which would prevent them from 
fitting over the HCT intensifier. Therefore, the mold with materials after room cooling 
was put in a freezer maintained at around -20 ± 5 ºC for about an hour before demolding.  
The demolding and instrumentation needed to be done quickly at the same time to 
prevent the produced HCT specimens from getting softer and deforming during 
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instrumentation. As a safeguard, the outer ring of the aluminum mold shown in Figure 
4.13 (b) was removed after removing the central core part of the mold and after 
subsequent strain gage mounting. Demolded and instrumented mastic and binder HCT 
specimens were placed in the freezer for storage until testing, except P236 and P118, 
which were possible to store at room temperature. Figure 4.14 shows the mastic and 
binder HCT specimens in storage. 
 
 
Figure 4. 14 Mastic and Binder HCT Specimens in Freezer during Storage 
 
It should be noted that most of these specimens were typically completed for all testings 
within 3 days of their initial production date to minimize adverse effects of physical 
hardening at low temperatures [Bahia 1991]. In addition, it can be noted that all asphalt 
binder HCT specimens were stored in a bath of acetate in the freezer to protect them from 
possible continuing deformation during the storage by reducing their self weight. 
109 
 4.3.3 HCT E* Testings 
 
As discussed in section 4.1, E* testing at multiple temperatures and at varying 
loading frequencies are vital for a full characterization of asphalt binders, mastics, and 
mixtures included in this study. The HCT E* testings were performed in two rounds. At 
the beginning, in the first round of testings, Bin1 asphalt binder and its associated mastics 
and mixtures as summarized in Table 4.4 were tested at three low temperatures (-20, -10, 
and 0 ºC) and at four loading frequencies (10, 5, 1, 0.1 Hz) as shown in the following 
Table 4.5.  
 
Table 4. 5 First Round of E* Testing 
Loading 
Frequencies (Hz) Loading Cycles 
Testing Temperature 
(C◦) 
10 100 0, -10, -20 
5 50 0, -10, -20 
1 25 0, -10, -20 
0.1 10 0, -10, -20 
 
Table 4. 6 Second Round of E* Testing 
Loading 
Frequencies (Hz) Loading Cycles 
Testing Temperature 
(C◦) 
10 100 5, -10, -25 
5 50 5, -10, -25 
1 25 5, -10, -25 
0.1 10 5, -10, -25 
0.01 5 5, -10, -25 
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In the second round of testing, asphalt binders Bin2 and HL20, and their 
associated mastics and mixtures (also shown in Table 4.4) were tested. In this round, 
loading frequencies and testing temperatures were slightly modified to extend the master 
curve coverage on a reduced frequency range without a need for significant extrapolation. 
The modified testing plan is summarized in Table 4.6. 
The HCT E* testing was conducted by applying a uniform repeated sinusoidal 
wave of pressure to the inner wall of cylinder specimens, as the example in Figure 4.15 
demonstrates. The same form of induced strain wave (Figure 4.16) with a time lag behind 
the loading waveform, which is called the phase angle (δ), is recorded during the testing 
by the Labview software. In the pressure and strain waveform, the averaged waveform 
amplitudes p0 and ε0 at the last several cycles need to be determined for further 
calculation of E*. 
For the analysis of the test result, the amplitude of tensile hoop stress, ∆σt, is 
calculated by converting the amplitude of applied internal pressure using the stress 
correction factors obtained from sets of 3-D finite element modeling [Buttlar et al. 1999] 
as follow. 
 
0pFstt =σ∆          (4.1) 
 
where, Fst  is the stress correction factor and p0 is the amplitude of applied 
internal pressure indicated in Figure 4.15. The stress correction factor considers imperfect 
specimen geometries and uneven applications of internal pressure due to the presence of 
additional silicone sealing system on both top and bottom ends of the pressure intensifier.  
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Figure 4. 15 Applied Sinusoidal Waveform of Pressure 
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Figure 4. 16 Induced Sinusoidal Waveform of Strain 
 
An appropriate correction factor is generally selected as a function of specimen 
eccentricity and percent-loaded area. For data analyses in this study, however, a fixed 
stress correction factor (Fst = 2.65) is used to convert the applied pressure to tensile 
stresses based on the assumptions of no eccentricity and a 100 percent-loaded area. The 
assumptions are especially true due to almost exact geometry of the HCT specimens 
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produced in this study thanks to the use of a precise coring guide template for coarse 
mixtures and the aluminum molds for binders and fine mastics. 
The complex modulus in tension, E*, at a given frequency and a temperature is 
calculated using the elasticity solution for a thick-walled hollow cylinder in plain strain 
condition [Timoshenko and Goodier 1970] as follows. 
 
t
rtE ε
νσσ +=           (4.2) 
 
where, σt is the tangential hoop stress, σr is the radial stress, εt is the tensile strain, and ν 
is the Poisson’s ratio. Based on the elastic-viscoelastic correspondence principle 
discussed in chapter 2, the equation (4.2) can be rewritten for the HCT measured E* 
calculation by substituting the stresses and strain with the amplitude of the waveforms 
shown in Figure 4.15 and 4.16, respectively. The equation (4.2) then becomes; 
 
0
0
ε
νσ∆ pE t +=*          (4.3) 
 
where, ∆σt is obtained as (4.1), p0 and ε0 are directly obtained from the waveforms. Note 
that the p0 in equation (4.3) represents the maximum radial stress at the inner surface of 
the cylinder where all other stresses and strains are evaluated. 
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4.4 Dynamic Mechanical Analyzer (DMA) 
 
To obtain the complex shear modulus, G*, of asphalt binders Bin2 and HL20 at 
low temperatures, a Dynamic Mechanical Analyzer was used. The objective of obtaining 
the G* was to see if the Poisson’s ratio of viscoelastic asphalt binders can be calculated 
based on the relationship between the G and E using elasticity theory. The Dynamic 
Mechanical Analyzer (DMA) is one of many available rheological mechanical 
(rheometer) testing devices, which can measure the complex shear modulus (G*) of a 
viscoelastic material. The mechanism of the device is very similar to the Dynamic Shear 
Rheometer (DSR) commonly used for asphalt binder characterization, but the specimens 
used in the DMA differ from those used in the DSR in terms of geometry. The DMA uses 
a rectangular beam mounted vertically between loading spindles. Figure 4.17 shows the 
rectangular beam specimen and the mold used to make the beam specimen. 
 
 
Figure 4. 17 Rectangular Beam Specimen and Mold 
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The DMA testing temperatures and loading frequencies were the same as the 
second round HCT E* testing, as summarized in Table 4.6. Tests were carried out in the 
laboratory of SEM Materials, L.P. in Tulsa, OK. Figure 4.18 shows the beam specimens 
mounted in the torsional loading system of the DMA prior to testing. 
 
 
Figure 4. 18 Binder Beam Specimen in Testing 
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CHAPTER 5 TEST RESULT AND ANALYSIS 
 
5. 1 E* Database 
 
Including three different asphalt binders (Bin1, Bin2, and HL20), a total of 17 
materials are built in the database of the complex moduli constructed in this study.  
 
Table 5. 1 Materials in the E* Database 
Class Material Designation No. Reps. Sub Total Total 
Bin1 2 
Bin2 2 Binders 
HL20 2 
6 
P200 3 
HL200 3 
P03 3 
P06 3 
P118 2 
Mastics 
P236 2 
16 
P475 3 
P125 3 
P19 3 
P25 4 
6475 3 
HL475 3 
6495 3 
Mixtures 
HL95 3 
25 
47 
 
In the first round of HCT E* testing, as described in section 4.3.3, two replicate 
specimens for binder and mastics, which are Bin1, P118, and P236, were produced and 
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tested assuming that the material variability is lesser for these finer and seemingly more 
homogeneous materials than would be expected for coarser mixtures. At least three 
replicates, on the other hand, were produced and tested for coarser mixtures. In the 
second round of testing, only binders (Bin2 and HL20) were limited to two replicates. 
Thus, four mastics and four mixtures in the HCT E* testing suite were performed with 
three replicates.  
The measurement variability in the first round of testing ranged from 0 to 27 % in 
terms of the coefficient of variation with the highest variability of 6 to 27 % observed by 
P19 mixtures. Improved measurement variability was achieved in the second round, 
which ranged from 1 to 20 %, thanks to the additional replicates for the four mastics and, 
to some extent, through tighter testing control, more consistent specimen preparation, and 
more consistent device operation. The asphalt binders Bin2 and HL20 showed the highest 
variability of up to 20 %. Four mastics maintained less than 10 % of measurement 
variability, while four mixtures displayed less than 15 % in the second round of testing. 
Additional details on the test summary statistics can be found in Appendices A through C. 
 
5. 2 Binder Test Results 
 
5.2.1 HCT E* 
 
Figure 5.1 is a picture of one of the binder HCT specimens produced using the 
aluminum mold described in the previous chapter. Two surface strain gages are attached 
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facing each other in line at the mid height of the inner wall of the cylinder and covered 
with black electrical tape for protection.  
 
 
Figure 5. 1 HCT Binder Specimen with Gages Mounted 
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Figure 5. 2 E* of Two Asphalt Binders Measured by Different Apparatus 
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 The idea of measuring the complex modulus of asphalt binders in tension (E*) is 
not a complete new concept, but the direct measurement of this kind has not been found 
in the literature until recently, as Di-Benedetto et al. [2006] introduced a tension-
compression cylindrical test device to measure the E* and ν* of asphalt binder and 
mastics. Their reported E* values of bitumen 50/70, which is a penetration graded asphalt 
binder with no polymer modifications, are plotted in Figure 5.2 alongside HCT measured 
E* of Bin1, which is PG64-22 unmodified binder, in this study. There is a rough 
correlation between Penetration graded asphalts and Superpave Performance Graded 
asphalts, for instance, Pen 50/70 bitumen and PG64-22 binder should have roughly 
similar rheological properties. Indeed, Figure 5.2 shows these two asphalt binders have 
similar E* values. The comparable asphalt binder E* measurements provides some 
assurance of the feasibility of the HCT device for complex modulus measurements on 
binders using surface mounted strain gages. 
Asphalt binder HCT E* testing results are summarized in Appendix A, Table A.1, 
A.2, and A.3 for Bin1, Bin2, and HL20, respectively. The E* values shown in these 
tables are the average of 2 replicates. With two strain gages mounted on a replicate, the 
total number of measurements was four, except in a few cases where one of the gages 
was not working properly. The measurement variability for all three asphalt binders was 
fluctuating in a range from 1 to 20 %.  
Figure 5.3 compares the E* values of the three asphalt binders. The E* measured 
at three different temperatures are shift using the time-temperature superposition 
principle at the reference temperature of 5 ºC. The appropriate shift factors were found by 
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fitting the measured data to the sigmoid master curve function presented in equation 
(2.43) using the least square regression technique.  
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Figure 5. 3 Time-Temperature Shifted Asphalt Binder E* Data 
 
It should be noted that the Bin1 (the first round binder) was tested at different 
temperatures (e.g., -20, -10, and 0 ºC) unlike Bin2 and HL20 of the second round, which 
were tested at -25, -10, and 5 ºC. Bin1 data were initially shifted to the reference 
temperature of 0 ºC. Then the resulting master curve was subsequently shifted to match at 
5 ºC to coincide with the other two binder data sets. For the shift, the Arrhenius function, 
equation (5.1), was used to estimate the shift factor. 
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where,  log (aT) and log (aTd) = shift factors at T and Td
Ea = activation energy (261 kJ/mol) 
  RT = Ideal gas constant (8.34 J/mol· ºK) 
  T and Td = evaluating temperature and defining temperature in ºK 
  ºK = Absolute temperature (ºC + 273) 
 
In Figure 5.3, it can be concluded that the Bin1 and Bin2 binders would behave 
similar to each other, while the HL20 shows a clear distinction from the other two due to 
the stiffening effect of hydrated lime. The original design of the modification was 
targeting a 3 to 4 times stiffer binder in terms of the G* ratio, but the resulting HL20 is 
only about twice as stiff as its base asphalt, Bin2, in terms of the E* ratio.  
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Figure 5. 4 E* Master Curves of Asphalt Binders 
 
Another thing to note from the figure is the range of the reduced loading 
frequencies. Bin1’s shifted data are spread over about 6 decades of the log frequency, 
while the data of Bin2 and HL20 are spread over almost 10 decades of loading frequency. 
This extended coverage was possible by the revised testing program in the second round 
as discussed earlier in section 4.3.3. 
The shifted data in Figure 5.3 can be represented with their master curve 
equations as shown in Figure 5.4. When compared with the sigmoid function fitted 
master curves in Figure 5.4, the measured data sets of the three asphalt binders showed 
very good conformity to the fitted lines. Thus, it can be concluded that these master 
curves are representative of the measured data, unless they involve considerable 
extrapolations outside the observations. By using the master curves, comparisons of E* 
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trends among different materials and further analyses on model predictions can be made 
in a much more convenient manner. 
 
5.2.2 DMA G* 
 
DMA G* test results on asphalt binders Bin2 and HL20 are summarized in the 
Appendix B, Table B.1 and B.2, respectively. Three replicates per each binder were 
tested at the same three low temperatures (-25, -10, and 5 ºC) and at the same loading 
frequencies as described in Table 4.6 in section 4.3.3. The measurement variability of 
Bin2 at -25 ºC was unacceptably high ranging from 45 to 56 %. Thus, a serious question 
arouse concerning the test repeatability of asphalt binders at this low temperature for the 
shear complex modulus. On the other hand, the measurement variability of HL20 looked 
more or less the same as the HCT E* measurements of asphalt binders. However, the 
measured G* of HL20 at the same temperature of -25 ºC showed an unusual jump from 
the measurements at other two temperatures, -10 and 5 ºC. Possible causes of problems 
may be related to the machine capacity for a stiff-brittle material at very low temperatures 
and/or improper settings of testing variables such as insufficient level of shear strain 
magnitude. No further detailed investigations on the experimental errors of the dynamic 
mechanical analyzer, which is located in a partner’s lab as described in the previous 
chapter, were performed. 
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5.2.3 E* Versus G*, and Viscoelastic Poisson’s Ratio (ν*) 
 
As discussed earlier, the original intention of measuring G* using the dynamic 
mechanical analyzer was to calculate the Poisson’s ratio of asphalt binders using the two 
independently measured viscoelastic constants. This was desired, since having the 
Poisson’s ratio calculated in this manner will eliminate the need for an assumed binder 
Poisson’s ratio for calculating complex bulk modulus (K*m) as required by the models.  
For an asphalt material, the Poisson’s ratio is in a range between 0.15 and 0.5, 
with 0.5 being the value for an incompressible material. However, the Poisson’s ratio 
values calculated using the DMA measured G* and the HCT measured E* of Bin2 and 
HL20 binders ranged from -0.5 to 1.14, which are not realistic. Unfortunately, the 
intended Poisson’s ratio calculation was not achieved due to the error associated with the 
DMA measured G*. An alternative is to using measured Poisson’s ratio values was to 
refer to the available data in the literature. Fortunately, the work by Di-Benedetto et al. 
[2006] provides viscoelastic Poisson’s ratio measurements on a binder with very similar 
rheological characteristics as that used in this study, as described earlier. Since the 
similarity between the bitumen 50/70 and Bin1 asphalt binder is very good, as shown in 
Figure 5.2, it was decided to assume the ν* values of the bitumen 50/70 for those of the 
Bin1 binder in further modeling and analysis. 
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5. 3 Mastics and Mixtures Test Results 
 
The HCT E* test results for a total of 14 mastics and mixtures are described in 
this section. The air void measurement results of five coarse mixtures are also described. 
The most interesting result, the stiffening ratio of all mixtures, is provided in the last 
section of this chapter. 
 
5.3.1 E* of Mastics and Mixtures 
 
The E* values of all the mastics and mixtures are summarized in Appendix C. 
Figure 5.5 plots the shifted E* values of the FHWA 19 mm mixture and its associated 
mastic and sub-mixtures at the reference temperature of 5 ºC. Figure 5.6 shows the 
master curve representations of these mastics and mixtures. In the log-log plot of Figure 
5.5, the data points are very crowded making clear identification of each of the individual 
data sets difficult especially in the coarse mixture regime. For example, P25, P19, and 
P125 are not clearly distinguishable. In other words, some small volume increment of 
aggregate particles at high volume concentration level did not display significant effects 
on the stiffening of mixtures. The trend is somehow inconsistent with the particulate 
composite theories; however, a reasonable explanation on that trend may be possible with 
the increased air voids in coarser mixtures with much larger sized aggregate particles. 
This aspect will be more closely investigated in the following section and in the next 
chapter. 
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Figure 5. 5 Shifted E* Data of FHWA 19 mm and Associated Sub-mixtures 
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Figure 5. 6 Master Curves of FHWA 19 mm and Associated Sub-mixtures 
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Figure 5. 7 Master Curves of IL Mixtures and HL Modified Mixtures 
 
In the mean time, the mixtures with filled data points in Figure 5.5 or with weighted lines 
in Figure 5.6 can be regarded as the representative mixtures, which display the gradual 
stiffening trend by the increased aggregate volume concentration well. 
Figure 5.7 directly shows the master curves of IL 9.5 mm, IL4.75 mm and their 
hydrated lime modified mixtures with HL200 mastic. Interestingly, the hydrated lime 
modified mixtures, which were supposed to exhibit higher stiffness than their unmodified 
counterparts (6495 and 6475), showed even lower stiffness. Furthermore, while 6495 and 
6475 may distinguish themselves from each other clearly, the two hydrated lime added 
mixtures (HL95 and HL475) are not significantly different. This unexpected stiffness 
reduction of hydrated lime added mixtures can be explained again with the effects of 
increased air voids. In fact, it was observed while mixing and compaction of these 
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mixtures that the added hydrated lime powder made the mixtures drier than regular 6495 
and 6475. Consequently, the compacted mixtures were expected to have more air voids 
than the regular mixtures. Mixture air void measurements are discussed in the following 
section. 
 
5.3.2 Mixture Air Voids 
 
Five coarse mixtures including P25, 6495, 6475, HL95, and HL475 were 
measured for the air void contents after the gyratory compaction and before the coring. 
The air void content was measured using the Corelok Gmb test device. 
 
Table 5. 2 Mixtures Air Void Content 
Mixture Gmb Gmm Air Void (%) 
P25 2.419 2.513 3.7 
6495 2.389 2.462 2.9 
6475 2.322 2.365 1.8 
HL95 2.333 2.462 5.3 
HL475 2.264 2.365 4.3 
 
The air void measurements summarized in Table 5.4 are based on the gyratory 
specimens before coring. There has been an issue raised about the density gradient in the 
gyratory compacted specimens as observed by Harvey et al. [1994] and Shashidhar 
[1998]. The density gradient, if it exists, can affect the HMA mixture stiffness test results 
for both uniaxial compression, which uses the core of the gyratory, and the HCT tension, 
which uses the outer ring of the gyratory. Al-Khateeb [2001] compared the air void in the 
HCT specimens with that of cores and gyratory specimens, and found that the HCT 
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specimens have about 1 % higher air voids than the cores and about 0.5 % higher air 
voids than the gyratory specimens on average. Although the same detailed investigations 
on the mixtures included in this study were not performed herein, it is expected that the 
air void measurements presented in Table 5.2 could be a little higher for the actual HCT 
specimens based on the observation by Al-Khateeb [2001]. Further analyses of the air 
void effects on the model predictions will be performed with assumed air void values 
based on the measurements presented in Table 5.2 and considering the possibility of the 
density gradient in the gyratory specimens. 
 
5. 4 Stiffening Ratio (E*r) 
 
The stiffening ratio (E*r), as defined as the ratio of the composite E* to the matrix 
E* (E*r = E*C/E*m), is now presented. Only a few experimental studies [Delaporte 2007] 
have reported this stiffening behavior of asphalt material from the asphalt binder to the 
mixtures. In this study, a more comprehensive range of materials with a gradual increase 
of aggregate volume concentration starting from the asphalt binders continuing to the 
dense HMA mixtures was investigated.  
Figure 5.8 shows an example plot of this stiffening behavior calculated based on 
the E* measurements of all 17 materials presented in Appendices A through C. In fact, 
the stiffening ratio of viscoelastic materials is dependent on the loading rate (or the 
loading frequency) and the temperature [Anderson et al. 1992]. Under an isothermal 
condition with master curves constructed based on the time-temperature superposition 
principle, it is only dependent on the reduced loading frequencies (fr, Hz) as shown in 
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Figure 5.8. In the plot, stiffening behavior of the Round 1 (RD1 in the plot) binder (Bin1) 
and the Round 2 (RD2 in the plot) binder (Bin2) is shown along the aggregate volume 
concentration increment. 
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Figure 5. 8 Loading Rate (Frequency) Dependent Stiffening Ratios 
 
The number in the parenthesis of each legend refers to the reduced loading 
frequency. For example, square data points (either filled or unfilled) are the stiffening 
ratios at the reduced loading frequency of 106 Hz, whereas the filled and unfilled circles 
are the stiffening ratios at 1 Hz. As Anderson et al. [1992] presented, greater stiffening 
ratios are observed at lower loading frequency (or higher temperature).  Also, note that 
the trend across the unfilled data point region to the filled data point region (from left to 
the right of the plot area), which were tested at different rounds of testing, follows the 
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same trend lines fairly well over the volume concentrations. The trend again confirms 
that the two asphalt binders, Bin1 and Bin2, used separately in the first and second round 
of testing are almost the same asphalt binders in addition to the evidence presented in 
Figure 5.3 and 5.4. 
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Figure 5. 9 Stiffening Ratio of All Materials Tested 
 
Only the FHWA 19 mm mixture and its associated sub-mixtures are presented in 
Figure 5.8. The overall stiffening behavior of all materials included in this study is 
presented in Figure 5.9 with the stiffening ratios observed at the reduced loading 
frequency of 10 Hz only for the brevity. The dark filled circles indicate the first round 
materials mixed with Bin1 binder and unfilled circles represent the second round 
materials produced with Bin2 binder. The hydrated lime modified mixtures are marked 
with light filled diamonds. While the Bin1 and Bin2 unmodified binder produced 
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mixtures show a roughly identical stiffening ratio trend, the HL20 produced mixtures 
show a slightly different trend, as expected due to the different rheological properties of 
the HL20 binder from that of Bin1 and Bin2 binders. The stiffening ratio of the HL20 
binder produced mixtures is slightly lower than that of the other two binders. As 
discussed earlier, the low stiffening ratio of the HL mixtures can be explained with the 
increased air voids in these drier mixtures, especially at a higher volume concentration 
range.  
 
Table 5. 3 Moduli Contrast: Ep /E*m (Ep = 55.2 GPa assumed) 
Bin1 Bin2 HL20 
fr (Hz) E*m 
(MPa) Ep /E*m
fr (Hz) E*m 
(MPa) Ep /E*m
E*m 
(MPa) Ep /E*m
1.0E+06  2,065   27  1.0E+08  2,050   27   2,977   19  
5.0E+05  1,938   28  1.0E+07  1,906   29   2,750   20  
1.0E+05  1,625   34  1.0E+06  1,702   32   2,451   23  
1.0E+04  1,165   47  1.0E+05  1,434   39   2,077   27  
5.0E+03  1,031   54  1.0E+04  1,111   50   1,641   34  
1.0E+03  742   74  1.0E+03  770   72   1,181   47  
5.0E+02  631   88  1.0E+02  468   118   754   73  
1.0E+02  411   134  1.0E+01  249   222   418   132  
1.0E+01  196   282  1.0E+00  119   465   198   279  
5.0E+00  152   363  1.0E-01  54   1,013   81   680  
1.0E+00  81   681  1.0E-02  26   2,125   30   1,849  
1.0E-01  30   1,814  1.0E-03  14   4,014   11   5,246  
 
The stiffening ratio of every mixture including the ratios presented in Figure 5.8 
are tabulated at selected loading frequencies in tables D.1, D.2, and D.3 of Appendix D 
for Bin1, Bin2, and HL20, respectively. At a glance the stiffening ratio increases as the 
aggregate volume concentration increases, the trend of which is self-explanatory. Also, 
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the stiffening ratio increases as the loading frequency decreases, which is the trend 
discussed in Figure 5.8. These trends combined together result in the highest stiffening 
ratio observed for the high aggregate concentrated mixture at the lowest loading 
frequency shown in the tables. The highest values for the three asphalt binders (Bin1, 
Bin2, and HL20) are 328, 222, and 115, respectively.  
The underlying parameter behind the reduced loading frequency (fr) dependent 
stiffening ratio may be the moduli contrast (or modulus ratio) between the matrix phase 
and the particulate phase. Chow [1980], Phan-Thien and Pham [1997], Yin et al. [2004], 
and Yin and Sun [2005] showed an increasing stiffening ratio trend as the moduli 
contrasts becomes higher based on various model prediction results and numerical 
simulation results. By assuming the elastic Young’s modulus of limestone aggregate 
particles (Ep), the moduli contrast of the three asphalt binders can be calculated as shown 
in Table 5.3. The assumed aggregate Young’s modulus (Ep) was 55.2 GPa. With this 
fixed aggregate modulus, the modulus contrast was found to drastically increase as the 
binder modulus decreased. Very high contrasts at 10-3 Hz loading frequency for Bin2 and 
HL20 (e.g., 4,014 and 5,246, respectively) are in fact based on the extrapolated binder 
moduli; thus, these values may not be meaningful.  
To see if the stiffening ratio of asphalt mixtures is really dependent on the moduli 
contrast, stiffening ratios of all the mixtures are plotted over the moduli contrast tabulated 
in Table 5.3. Figure 5.10 shows these plots for the first round of mixtures produced using 
the asphalt binder, Bin1, and the plots for the second round mixtures with Bin2 and HL20 
are shown in Figure 5.11. In Figure 5.10, very good linear relationships between the 
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stiffening ratio and the moduli contrast on the log-log plots for the first round mixtures 
and mastics are observed.  
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Figure 5. 10 Stiffening Ratio vs. Moduli Contrast: 1st Round Mixtures 
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Figure 5. 11 Stiffening Ratio vs. Moduli Contrast: 2nd Round Mixtures 
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The slope of linear trend lines tends to gradually decrease as the volume 
concentration of aggregates decreases, which follows the self-explanatory volume filling 
reinforcement mechanism discussed in Chapter 2. The R2 values also tend to decrease, 
which means that the linearity of the relationship would gradually diminish as the volume 
concentration of aggregates decreases. Again, the strong linearity means the strong 
dependency of the stiffening ratio on the moduli contrast.  
The same strong linear relationships between the stiffening ratio and the moduli 
contrast are observed in Figure 5.11 for the second round coarse mixtures (i.e., 6495, 
6475, HL95, and HL475). On the other hand, the two mastics (P06 and P03) with much 
lower aggregate volume concentrations are not linear as expected with decreasing R2 in 
Figure 5.10. Instead, the stiffening ratio of these mastics show a peak and then decreases 
as the moduli contrast increases.  
This trend is compared with other FHWA 19 mm derived mastics and mixtures of 
the first round in the following Figure 5.12. The top four lines represent the coarse 
mixtures, which show strong linearity as observed in the individual plots in Figure 5.10. 
The middle two curves are the mastics P236 and P118 with medium high aggregate 
volume concentrations of 0.71 and 0.64 respectively. Reduced linearity also begins to 
appear with these mastics. The bottom three curves are the finer mastics (P06, P03, and 
P200) tested during the second round following the revised testing program of slower 
loading at a higher temperature (e.g., 0.01 Hz at 5 ºC). No linear relationships are found 
between the stiffening ratio and the moduli contrast of the three fine mastics. Moreover, 
the three stiffening ratio curves clearly show decreasing trends as the moduli contrast 
becomes higher.  
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Figure 5. 12 Stiffening Ratio vs. Moduli Contrast Behavior of FHWA 19 mm 
Derived Mixtures and Mastics 
 
The observation may indicate the existence of aggregate interlocking 
reinforcement in the asphalt mixtures as discussed earlier in Chapter 2, section 2.1.3. 
Consider the two extreme materials (P25 and P200) for example. Since the moduli 
contrast was calculated as inversely proportional to the reduced loading frequencies, it 
can be said that the coarse mixture P25 maintains the level of stiffening at longer loading 
frequencies and at higher temperatures. On the other hand, the fine mastic P200 cannot 
hold the level of stiffening as the temperature increases and the loading frequency 
decreases. The trend should be related to the deformation of materials under loading. 
With closely packed aggregate volume concentration of 0.88, the deformation in the 
mixture P25 at very slow loading frequencies could have been limited by the network of 
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aggregate particles or, in other words, the aggregate interlocking in the densely 
compacted mixture. This situation will clearly result in a high stiffening ratio. On the 
other extreme, with much less aggregate volume concentration of 0.29, there might be no 
influencing aggregate network existing in the micro structure of the mastic P200. Using 
the term introduced in section 2.1.3, this state can be regarded as ‘fully peptized’ state, at 
which the deformation under very slow loading cannot be limited by the aggregate 
interactions, and thus, continuous flow could occur. Apparently, the stiffening due to the 
dilute aggregate concentration would not be effective as the dense mixture with an 
interlocked aggregate network. 
Therefore, in summary, the stiffening ratio vs. moduli contrast plots in Figure 
5.12 seems to show the effect of aggregate interlocking along the aggregate volume 
concentration change. The high linearity may involve the strong aggregate interlocking 
effect. On the other hand, the low linearity with decreasing-after-peak trend may indicate 
the absence of aggregate network contribution in stiffening of asphalt mixtures. Without 
the aggregate network contribution, at a high temperature and under a slow loading 
condition, asphalt mixtures will experience a continuing deformation, which will result in 
the low stiffness. It is interesting to see if the similar trend would be observed with the 
model predictions, which will be discussed in the following chapter. 
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CHAPTER 6 DIFFERENTIAL SCHEME E* PREDICTIONS 
 
This chapter presents the results of the E* predictions made for various asphalt 
mastics and mixtures described in Chapter 4 using the differential scheme modeling 
framework developed in Chapter 3. The primary goal of this chapter was to evaluate the 
applicability of the developed modeling framework to the asphalt mixtures including 
mastics with low aggregate volume concentration and mixtures with high aggregate 
volume concentration, which were designed to represent a broad array of the aggregate 
volume concentration. In this chapter, a series of comparisons between model predictions 
and experimentally obtained E* values are presented and discussed. 
 
6. 1 Two-Phase Differential Scheme Model Predictions 
 
In this section, the simplest model, the two-phase spherical particle differential 
scheme solution, is first examined. General features of the differential scheme modeling 
approach are also discussed through a series of sensitivity analyses for this simple 
modeling case. The effects of various particle shapes aligned in a composite and their 
respective aspect ratios are investigated as interesting limiting cases of aligned particulate 
composites. The results are presented in the latter part of this section. Through the model 
predictions, the elastic Young’s modulus of limestone aggregates was assumed to be 55.2 
GPa, unless otherwise stated. This Young’s modulus of limestone is the same as the value 
used by You [2003] and very close to the value used by Yin et al. [2008], which was 56 
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GPa. The Poisson’s ratio of limestone aggregates was assumed as 0.25 throughout this 
chapter. 
 
6.1.1 Spherical Particle Model Predictions 
 
6.1.1.1 Fixed Matrix Poisson’s Ratio (ν*m = 0.499) 
 
The explicit solutions of complex bulk (K*C) and shear (G*C) moduli for a two-
phase viscoelastic composite with elastic solid particles are given in equations (3.50) and 
(3.51). The complex modulus of the composite in tension (E*C) is then calculated using 
equation (2.15). The calculations were performed in an EXCEL spreadsheet with a 
simple Visual Basic Application code written for the required iteration process described 
in section 2.3.2.4. In addition to the fixed elastic aggregate modulus of 55.2 GPa and its 
volume concentration (c), the complex moduli of asphalt binders in both bulk and shear 
(K*m and G*m) are the remaining input variables in equation (3.50) and (3.51). Since the 
complex modulus of asphalt binders measured in this study using the HCT is the tensile 
complex modulus (E*m), it was necessary to assume the Poisson’s ratio (ν*m) of asphalt 
binders to convert the E*m to K*m and G*m using the relationships in equation (6.1) 
between these viscoelastic material properties.  
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 Table 6. 1 Two-Phase Elastic Sphere Predictions (Ep = 55.2 GPa, ν*m = 0.499, unit: 
MPa): 1st Round Bin1 Mastics and Mixtures 
fr (Hz) 
Bin1 
(0.00) 
P118 
(0.64) 
P236 
(0.71) 
P475 
(0.77) 
P125 
(0.85) 
P19 
(0.88) 
P25 
(0.88) 
1.00E+06  2,065   14,270   18,348   23,227   31,989   35,981   36,117  
5.00E+05  1,938   13,726   17,758   22,624   31,452   35,504   35,642  
1.00E+05  1,625   12,288   16,173   20,978   29,954   34,164   34,309  
1.00E+04  1,165   9,829   13,362   17,953   27,062   31,531   31,686  
5.00E+03  1,031   9,015   12,399   16,880   25,987   30,535   30,693  
1.00E+03  742   7,061   10,013   14,127   23,078   27,788   27,954  
5.00E+02  631   6,221   8,949   12,850   21,644   26,402   26,572  
1.00E+02  411   4,379   6,520   9,789   17,926   22,696   22,870  
1.00E+01  196   2,276   3,546   5,687   12,040   16,394   16,562  
5.00E+00  152   1,804   2,843   4,642   10,290   14,383   14,543  
1.00E+00  81   994   1,599   2,704   6,627   9,878   10,012  
1.00E-01  30   382   626   1,091   2,969   4,811   4,892  
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Figure 6. 1 Two-Phase Elastic Sphere Predictions: 1st Round Materials 
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 Table 6. 2 Two-Phase Elastic Sphere Predictions (Ep = 55.2 GPa, ν*m = 0.499, unit: 
MPa): 2nd Round Bin2 Mastics and Mixtures 
fr (Hz) 
Bin2 
(0.00) 
P200 
(0.29) 
P03 
(0.46) 
P06 6475 
(0.80) 
6495 
(0.87) (0.56) 
1.0E+08  2,050   4,361   7,401   10,494   26,531   33,812  
1.0E+07  1,906   4,079   6,976   9,960   25,855   33,225  
1.0E+06  1,702   3,677   6,359   9,174   24,810   32,308  
1.0E+05  1,434   3,134   5,507   8,067   23,226   30,889  
1.0E+04  1,111   2,465   4,422   6,613   20,899   28,735  
1.0E+03  770   1,739   3,194   4,901   17,661   25,576  
1.0E+02  468   1,073   2,018   3,181   13,555   21,223  
1.0E+01  249   576   1,104   1,780   9,099   15,859  
1.0E+00  119   277   538   880   5,252   10,356  
1.0E-01  54   128   249   411   2,712   5,961  
1.0E-02  26   61   119   197   1,374   3,244  
1.0E-03  14   32   63   105   748   1,835  
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Figure 6. 2 Two-Phase Elastic Sphere Predictions: 2nd Round Materials (with Bin2) 
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 Table 6. 3 Two-Phase Elastic Sphere Predictions (Ep = 55.2 GPa, ν*m = 0.499, unit: 
MPa): 2nd Round HL20 Mastic and Mixtures 
fr (Hz) 
HL20 
(0.00) 
HL200 
(0.29) 
HL475 
(0.46) 
HL95 
(0.56) 
1.0E+08       2,977        6,113      29,978      36,719  
1.0E+07       2,750        5,698      29,246      36,113  
1.0E+06       2,451        5,141      28,182      35,221  
1.0E+05       2,077        4,425      26,649      33,913  
1.0E+04       1,641        3,564      24,470      32,006  
1.0E+03       1,181        2,621      21,456      29,258  
1.0E+02         754        1,710      17,478      25,392  
1.0E+01         418          963      12,681      20,233  
1.0E+00         198          462        7,756      14,055  
1.0E-01           81          191        3,837        8,009  
1.0E-02           30            70        1,566        3,656  
1.0E-03           11            25          577        1,431  
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Figure 6. 3 Two-Phase Elastic Sphere Predictions: 2nd Round Materials (with HL20) 
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A fixed Poisson’s ratio of 0.499, which is close to 0.5 as the value for an 
incompressible material, was assumed to avoid infinite complex bulk modulus (K*m) of 
the asphalt binders.  
Table 6.1, 6.2, and 6.3 summarize the E* master curve prediction results for the 
1st round mastics and mixtures of binder Bin1, the 2nd round mastics and mixtures of 
binder Bin2, and the HL20 mixed mastic and mixtures in the 2nd round, respectively. 
Figure 6.1 through 6.3 are the corresponding plots of the E* predictions tabulated in the 
tables. Individual master curve prediction plots of all the mastics and mixtures with 
superimposed experimental data are presented in the Appendix E. 
Based on the E* master curve prediction results presented in the tables and 
figures, the following observations can be made: 
 
1) Aggregate volume concentration dependency: In general, mixtures with 
different aggregate volume concentrations were predicted to demonstrate the 
gradual stiffening as the concentration increases. It is because the model 
essentially consists of the exact solutions of monotonic increasing functions of 
the particle volume concentration. Thus, any small increment in volume 
concentration can be clearly differentiated in the predicted master curves. This 
observation would also indicate the inability of the two-phase model to 
account for the existence of pores (or air voids) in coarse HMA mixtures as 
discussed in Figure 5.6 of section 5.3.1. 
 
144 
2) Asphalt binder moduli dependency: The predicted E* of mastics and mixtures 
were found to be directly dependent on the input asphalt E* values. Since the 
binder E* of HL20 were about 1.5 to 2 times higher than that of Bin2, the 
HL95 and HL475 E* values were predicted to be higher than that of the 6495 
and 6475. This trend is not in a good agreement with the measured data trend 
shown in Figure 5.7, which was again explained as an air void related problem. 
 
3) Binder master curve shape dependency: It was also found that the predicted 
E* master curve shapes of mastics and mixtures resemble the shapes of their 
binder E* master curves. The implication of this observation is that the model 
would lack the ability to account for the added reinforcement effect, especially 
at low loading frequency range, by the aggregate interlocking discussed with 
Figure 5.12 in the section 5.4. 
 
The aggregate volume concentration dependency of the two-phase elastic sphere 
model was further investigated with Figure 6.4, which shows the stiffening ratio (E*r) at 
a reduced loading frequency of 10 Hz as a function of the aggregate volume 
concentration with superimposed measured values presented in Figure 5.9. In the figure, 
lines represent the predicted stiffening ratio curves for all three asphalt binders (Bin1, 
Bin2, and HL20). Circles, squares, and triangles represent the HCT measured stiffening 
ratios for mastics and mixtures of Bin1, Bin2, and HL20, respectively. Generally 
speaking, both the predicted stiffening ratio curves and the HCT measured data show 
more or less the same monotonically increasing trend as the volume concentration 
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increases from 0 to 1 at the reduced loading frequency of 10 Hz. There is, however, 
almost consistent under prediction of the model from the measured data for the all three 
asphalt binders’ stiffening ratio curves found with the exception of a few data points, 
especially at the highest level of aggregate volume concentration. 
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Figure 6. 4 Stiffening Ratio vs. Aggregate Volume Concentration: Two-phase Elastic 
Sphere Predictions 
 
This finding implies that the two-phase elastic sphere model properly predicts the overall 
stiffening trend of asphalt materials from binder to mixture level, but may lack a little bit 
of sophistication to account for more complex micro geometry of the HMA concrete 
mixtures such as air voids. In fact, the individual master curve plots presented in 
Appendix E showed that the model over predicts the E* at high reduced loading 
frequency ranges for coarse mixtures such as P25, P19, 6495, HL95, and HL475, which 
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contain some percentages of air voids. This over prediction trend may also indicate the 
lack of model sophistication. Therefore, it would be more appropriate to have more than 
two-phase modeling approach to get closer to the measured values. 
The effect of aggregate interlocking was discussed with the stiffening ratio vs. 
moduli contrast plot in Figure 5.12 of the section 5.4. It is interesting to see if the two-
phase elastic sphere model would exhibit a similar trend as that observed with the 
experimental data. Therefore, the stiffening ratio vs. moduli contrast obtained from the 
model predictions is plotted in the following Figure 6.5. The curves from top to bottom 
correspond to the aggregate volume concentration shown in the legend. 
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Figure 6. 5 Stiffening Ratio vs. Moduli Contrast Behavior: Two-phase Sphere 
Predictions 
 
The stiffening ratio vs. moduli contrast curves shown in Figure 6.5 are all 
monotonically increasing functions and the curves are converging to the unity value of 1 
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as the aggregate volume concentrations decreases to 0. Moreover, it is hard to say that the 
relationship between these two ratios is a simple linear trend even at high aggregate 
volume concentrations. The trend becomes simply linear as the volume concentration 
decreases, and at the same time, the slope of the trend gets flatter. The latter observation 
is somehow similar to what was observed with the experimental data, while the former 
trend is obviously different from the previous observation in Figure 5.12. Thus, the same 
discussion in favor of the effect of aggregate interlocking on the stiffening mechanism of 
the asphalt mixtures cannot be made from what is shown in Figure 6.5. Instead, it can be 
concluded that the differential scheme two-phase elastic sphere model lacks the ability to 
account for the added reinforcement effect contributed by the interlocked network of 
aggregates. 
The results of the two-phase elastic sphere modeling predictions with a fixed 
Poisson’s ratio can be summarized as follows: 
 
1) The differential scheme two-phase elastic sphere model can reasonably 
predict the overall stiffening behavior of asphalt mixtures from binder to 
HMA concrete as a function of aggregate volume concentrations. 
 
2) The model predictions are strongly bound to the complex modulus of asphalt 
binder. 
 
3) Because of the binder moduli dependency, the shape of predicted E* master 
curves essentially resembles the shape of binder E* master curve. 
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 4) The two-phase model lacks the sophistication to account for the more 
complex microstructural features of HMA concrete mixtures, which suggests 
that a multi-phase modeling approach would be more appropriate. 
 
5) The two-phase model lacks the ability to account for the aggregate 
interlocking reinforcement effect suggested by experimental data. 
 
6.1.1.2 Variable Matrix Poisson’s Ratio 
 
In the previous section, observations were made with the two-phase elastic sphere 
model predictions with a fixed Poisson’s ratio assumed to be 0.499, which is close to the 
value for incompressible isotropic materials. As Yin et al. [2008] pointed out, however, 
the Poisson’s ratio of asphalt binder at low temperatures may not be that close to the 
incompressibility. Moreover, the Poisson’s ratio of isotropic viscoelastic materials is 
known to vary depending on the temperature and the time of loading [Ferry 1961, 
Aklonis 1983, Hilton and Yi 1998, Christensen 2003, Wang and Lakes 2005, Lakes and 
Wineman 2006]. Therefore, it would be realistic to use the actual value of the Poisson’s 
ratio of asphalt binders in modeling. Due to the difficulties discussed in section 5.2.3, the 
values were not obtained experimentally in this study. However, thanks to the work by 
Di-Benedetto et al. [2006], a set of experimental Poisson’s ratio data obtained for the 
bitumen 50/70, which turned out to be very similar to the asphalt binder used in this study 
(see section 5.2.1), was available.  
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Table 6. 4 Variable Asphalt Binder Poisson’s Ratio:  
(Estimated from Di-Benedetto et al. [2006]) 
Bin1 Bin2 and HL20 
fr (Hz) ν*m fr (Hz) ν*m
1.00E+06  0.423  1.00E+08  0.406  
5.00E+05  0.426  1.00E+07  0.414  
1.00E+05  0.432  1.00E+06  0.423  
1.00E+04  0.441  1.00E+05  0.432  
5.00E+03  0.444  1.00E+04  0.441  
1.00E+03  0.451  1.00E+03  0.451  
5.00E+02  0.454  1.00E+02  0.461  
1.00E+02  0.461  1.00E+01  0.472  
1.00E+01  0.472  1.00E+00  0.483  
5.00E+00  0.475  1.00E-01  0.495  
1.00E+00  0.483  1.00E-02  0.497  
1.00E-01  0.495  1.00E-03  0.499  
 
The Poisson’s ratio was calculated based on a master Poisson’s ratio curve fitted to the 
same sigmoid function for the E* master curve. The obtained variable Poisson’s ratios at 
corresponding loading frequencies for the binders in this study are tabulated in Table 6.4.  
Figures 6.6 through 6.11 present the master curve prediction results of five coarse 
mixtures obtained based on the variable Poisson’s ratio compared to the prediction results 
based on the fixed Poisson’s ratio. Individual master curve prediction plots of all the 
mastics and mixtures with superimposed experimental data are presented in the Appendix 
F. The effect of the variable Poisson’s ratio is shown in these figures. To make the 
difference clearly visible, semi-log scale is used in these plots.  
With the variable Poisson’s ratios, the two-phase elastic sphere model predictions 
at high frequency range turned out to be lower than the fixed Poisson’s ratio results, 
while the predictions at low frequency range showed no significant differences. This 
observation is easy to understand considering the ν*m data tabulated in Table 6.4. The 
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ν*m at high frequency is much lower than the fixed value of 0.499 ranging from 0.4 to 
0.425 at the loading frequency range between 106 and 108 Hz, while the ν*m at low 
frequency range from 10-1 to 10-3 Hz still remains close to the fixed value. Since K*m is 
calculated from the E*m through the relationship in equation (6.1), a small change in ν*m 
can greatly affect the calculated K*m, especially when the ν*m is close to 0.5 as the 
denominator in (6.1) gets close to 0. The influence of ν*m on K*m becomes even greater 
if the numerator, E*m, becomes greater in the high frequency range. On the other hand, 
G*m is not as sensitive as K*m on ν*m. Therefore, reductions in the predicted E* at high 
frequency ranges are believed to be caused mainly by the reduction in K*m.  
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Figure 6. 6 Fixed Poisson’s Ratio vs. Variable Poisson’s Ratio Predictions: P25 
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Figure 6. 7 Fixed Poisson’s Ratio vs. Variable Poisson’s Ratio Predictions: 6495 
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Figure 6. 8 Fixed Poisson’s Ratio vs. Variable Poisson’s Ratio Predictions: 6475 
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Figure 6. 9 Fixed Poisson’s Ratio vs. Variable Poisson’s Ratio Predictions: HL95 
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Figure 6. 10 Fixed Poisson’s Ratio vs. Variable Poisson’s Ratio Predictions: HL475 
 
In summary, when using a variable Poisson’s ratio of asphalt binder as a model 
input, it can be expected that the E* in the high loading frequency range, where the 
Poisson’s ratio is typically much lower than 0.5, will decrease. With Poisson’s ratios 
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remaining close to 0.5 in the low frequency range, the net effect of using a variable 
Poisson’s ratio as a rotation of the master curve in the clockwise direction. 
 
6.1.2 Sensitivity Analyses; Aggregate Modulus and Air Voids 
 
A sensitivity analysis of the differential scheme model in predicting the complex 
modulus of a coarse mixture (P25) was performed. The possible influencing factors were 
selected as the aggregate elastic modulus (Ep) and the air void content (Va). To 
investigate the sensitivity of the differential scheme model prediction on the aggregate 
modulus, an assumed elastic modulus of limestone (55.2 GPa) was used and also reduced 
by 20 % and 40 % (approximately 45 and 34 GPa). It should be noted that the 40 % 
reduction of aggregate modulus is close to the measured value used by You [2003]. 
To study the sensitivity of predicted E* to the percentage of air voids, a two-step 
approach was employed [Kim and Buttlar 2009]. In the first step, the two-phase elastic 
sphere model solution, i.e., equations (3.50), (3.51), and (2.15), was used to calculate the 
effective E* of the P25 coarse mixture. In the second step, using the effective E* 
obtained in the first step as the matrix modulus, the solution for a porous media (equation 
3.58) was used to calculate the effective E* of the P25 at two levels of assumed air void 
content (4.8 % and 10 %).  
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Figure 6. 11 Sensitivity of Differential Scheme Model Predicted E*: Ep and Va
 
Two equality plots were generated based on the prediction results as shown in 
Figure 6.11. The plot on the left-hand side of Figure 6.11 shows effect of reduced 
aggregate modulus on the predicted value of E*. The plot on the right-hand side shows 
the predicted E* with assumed air void contents of 4.8 % and 10 % vs. the predicted E* 
with zero air void. The following observations can be made regarding the sensitivity of 
the model to aggregate modulus (Ep) and air void content (Va): 
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1) The dependency of the predicted E* on the aggregate modulus was found to 
increase for larger values of predicted E*. Remembering that the higher E* 
values correspond to higher loading frequencies, it can be concluded that the 
greater sensitivity to aggregate modulus occurs at higher loading frequency 
ranges or at lower temperature ranges. The predicted E* reductions caused by 
20 % and 40 % reductions to Ep at the highest loading frequency in Figure 
6.11 were about 17 % and 35 %, respectively; while the reductions at the 
lowest loading frequency were less than 1 %. Therefore, it is expected that the 
net effect of reduced aggregate modulus will be “rotating” the predicted E* 
master curve clockwise, similar to the effect of variable Poisson’s ratio, as 
discussed in the previous section. Moreover, this observation implies that if an 
experimentally measured aggregate modulus, which is much less than the 
assumed value of 55.2 GPa was fed into the model, some of the over 
prediction trends observed in the previous section with coarse HMA mixtures 
at higher loading frequency ranges would have been diminished. 
 
2) Unlike the effect of reduced aggregate modulus, the effect of air void on the 
predicted E* seemed to vertically shift the entire prediction curve. With 
assumed air void contents of 4.8 % and 10 %, the reductions in the predicted 
E* were around 10 % and 19 %, respectively, over the entire range of 
predicted E*. Therefore, it is expected that, with typical air void contents of 
coarse HMA mixtures ranging from 4 to 8 %, the differential scheme model 
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predicted E* values can be reduced by approximately 8 to 16 % as compared 
to the ‘zero void’ predictions. 
 
Since the experimental measurement of limestone aggregate modulus was not 
performed in this study, further model predictions in this thesis will continue to utilize the 
initially assumed value of 55.2 GPa. However, it should be kept in mind that the assumed 
aggregate modulus could contribute to model prediction errors in excess of 30 %. Since 
the air void content of five coarse mixtures included in this study have been measured as 
discussed in section 5.3.2, the effect of air voids will in fact be considered in the model 
predictions, using the three-phase differential scheme, which will be discussed in detail in 
section 6.3. 
 
6.1.3 Various Particle Shapes 
 
As discussed in section 3.2.1, HMA concrete mixtures may contain significant 
portions of flat or elongated particles in addition to more desirable cubical particles. 
Therefore, it was decided earlier to investigate the effect of flat and elongated particles on 
the differential scheme model predictions of E* for HMA. In addition to the spherical 
particle model discussed in the previous sections, oblate spheroids of three different 
aspect ratios and prolate spheroids of three different aspect ratios were selected to 
represent a broad range of flat and elongated particles, respectively. It should be noted 
that the current models were derived assuming aligned particles, as described in section 
3.2.2. Two-phase differential scheme model solutions for these six particle shapes were 
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presented in equations (3.52) through (3.57) of Chapter 3. Using these solutions, model 
predictions were performed on all of the mastics and mixtures produced from the asphalt 
binders Bin1, Bin2, and HL20. The same initially assumed aggregate modulus of 55.2 
GPa and the variable Poisson’s ratios tabulated in Table 6.4 were used as inputs for all of 
the model cases. Results are presented in Figures 6.12 through 6.14. In the figures, the 
stiffening ratio (E*r) vs. aggregate volume concentration curves for the seven particle 
shapes were obtained at the reduced loading frequency (fr) of 10 Hz to be consistent with 
the previous discussions in section 6.1.1. The HCT measured stiffening ratios of the Bin1, 
Bin2, and HL20 produced mastics and mixtures are superimposed with the corresponding 
predicted stiffening ratio in Figures 6.12, 6.13, and 6.14, respectively.  
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Figure 6. 12 Stiffening Ratio of Various Particle Shapes: Bin1 Mixes 
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Figure 6. 13 Stiffening Ratio of Various Particle Shapes: Bin2 Mixes 
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Figure 6. 14 Stiffening Ratio of Various Particle Shapes: HL20 Mixes 
 
By inspecting these plots, the following observations can be made: 
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1) It was found that the stiffening potential of particles increases as the particles 
become flatter: The prolate spheroid with a 5:1 aspect ratio, which is the most 
elongated shape among the seven particles, displayed the lowest stiffening 
ratios. The flattest particle, which is the 1/5 aspect ratio oblate spheroid, had 
the highest predicted stiffening ratios. 
 
2) A greater stiffening potential jump was observed within the oblate spheroids: 
Within the three different oblate spheroids, the stiffening ratio curves jumped 
up rapidly as the aspect ratio became larger (e.g., from 1/2 to 1/5). 
 
3) Three of the prolate spheroids did not show considerable differences among 
their stiffening ratios: The stiffening ratio curves for the three prolate 
spheroids with aspect ratios from 2:1 to 5:1 turned out to be very similar to 
each other. 
 
4) The HCT measured stiffening ratio data fell well within an envelope created 
by the stiffening ratio curves of the 1/3 aspect ratio oblate spheroid and the 
sphere: With only a few exceptions such as the P200 mastic and the HL95 
mixture, the HCT measured stiffening ratio data of all the mastics and 
mixtures were found to lie well within the envelope shown in the figures with 
the weighted line and the dashed line for the sphere and the oblate spheroid, 
respectively. 
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Within the particle aspect ratio variations included in this shape effect study, the 
prolate spheroids provided the lower bound of the stiffening potential. The upper bound 
was provided by the oblate spheroids. Comparing with measured values it appears that 
the sphere and the oblate spheroid with a 1/3 aspect ratio encompass most of the 
measured data.  
Motivated by this observation, it was decided to explore an approach reminiscent 
of combining the upper and lower bound models such as the approach used in the original 
Hirsch model [Hirsch 1962 and Christensen et al. 2003] using the rule of mixtures. More 
specifically, it was decided to combine two model cases, the sphere and oblate spheroid 
with a 1/3 aspect ratio, to estimate the stiffening ratio of HMA mixtures. However, it can 
be argued that the approach of combining two particle shapes is a more fundamental 
approach than that used in the Hirsch model formulation. Results of this application of a 
three-phase differential scheme model are discussed in the following sections. 
 
6. 2 Three-Phase Model Predictions: Sphere + Oblate Spheroid 
 
A sphere and an oblate spheroid with an aspect ratio of 1/3 were selected for 
constructing a three-phase differential scheme model based on the observation discussed 
in the previous section. The specific three-phase model presented herein contains an 
aligned oblate spheroid as described earlier and has been selected somewhat arbitrarily 
for the purpose of demonstrating the versatility and potential of the modeling framework 
being discussed in this dissertation. In the future, more sophisticated modeling of 
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multiple particle shape combinations and random particle alignment can be pursued in an 
effort to increase model accuracy. 
 
6.2.1 Fixed Matrix Poisson’s Ratio (ν*m = 0.499) 
 
The three-phase model solutions for the complex bulk and shear moduli (K*C and 
G*C) were given in equation (3.61). In these solutions, 50 % of each particle shape was 
assumed to comprise the total volume concentration of the aggregate phase. Using the 
solutions, the three-phase model predictions were made for the mastics and mixtures of 
the three binders used in this study. An aggregate modulus of 55.2 GPa and binder 
Poisson’s ratio of 0.499 were used for the modeling inputs.  
The stiffening ratio vs. aggregate volume concentration plots of Bin1, Bin2, and 
HL20 mastics and mixtures are presented in Figure 6.15 and the model predictions are 
compared to the HCT measured stiffening ratios at the reduced loading frequency of 10 
Hz. It appears that the three-phase model, when compared to the two-phase model 
prediction result presented in Figure 6.4, yields a better prediction of experimental E* 
values. The predicted stiffening curves of the three asphalt binders match well with the 
measured stiffening ratios of mastics in the mid-volume concentration range, but begin to 
over predict the measured data in the high volume concentration range for coarse 
mixtures. The over predictions at high volume concentration can probably be explained 
by the existence of air voids in these coarse mixtures as discussed in section 6.1.2. This 
topic will be further discussed in section, 6.3. 
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Figure 6. 15 Stiffening Ratio vs. Aggregate Volume Concentration: Three-phase 
Model with Fixed ν*m = 0.499 
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Figure 6. 16 Stiffening Ratio vs. Moduli Contrast Behavior: Three-phase Model 
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Another interesting result is presented in Figure 6.16. The stiffening ratio vs. 
moduli contrast plot, similar to the plots discussed earlier in Figure 5.12 and 6.5, 
generated from the three-phase model predictions, shows a similar trend to what was 
observed with the experimental data in Figure 5.12. One difference is that the plots in 
Figure 6.16 now display a decreasing stiffening ratio trend toward the high end of the 
moduli contrast even at the high volume concentration range of more than 0.8. As was 
discussed, the decreasing stiffening ratio trend toward high moduli contrast may indicate 
a weakened effect of the interlocked aggregate network. 
Together with the observation made in Figure 6.15, the observation in Figure 6.16 
can be viewed as an improvement as a result of increased model sophistication, which 
incorporated additional aggregate shape in the model solution. 
 
6.2.2 Variable Matrix Poisson’s Ratio 
 
Similar to the discussions made in section 6.1.1.2, the three-phase differential 
scheme model was also examined for the model’s dependency on the asphalt binder 
Poisson’s ratio. The variable Poisson’s ratios introduced in the earlier section were fed 
into the model predictions. The variable Poisson’s ratio three-phase model prediction 
results and the experimental data are plotted in Figure 6.17 at the reduced loading 
frequency of 10 Hz. Unlike the result presented in Figure 6.15 with a fixed Poisson’s 
ratio of 0.499, the stiffening ratio vs. aggregate volume concentration curves shown in 
Figure 6.17 are closer to the trend observed with the two-phase spherical model cases 
shown in Figure 6.4.  
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Figure 6. 17 Stiffening Ratio vs. Aggregate Volume Concentration: Three-phase 
Model with Variable ν*m  
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Figure 6. 18 Poisson’s Ratio Effects on 2-phase and 3-phase Models 
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To examine the cause behind this change, a sample master curve plot of mixture 6495 
over the reduced loading frequency was generated as presented in Figure 6.18. It can be 
clearly seen that the three-phase model is more sensitive to changes in binder Poisson’s 
ratio. The three-phase variable Poisson’s ratio prediction is much lower than that of the 
fixed Poisson’s ratio, and it is even lower than the two cases of the two-phase spherical 
model at most of the higher loading frequency range. However, the three-phase variable 
Poisson’s ratio prediction cuts cross the two-phase model predictions somewhere around 
1 Hz of loading frequency and, thereafter, it over predicts the two-phase model cases 
toward the tail side of the master curves. At the reduced loading frequency of 10 Hz, the 
prediction results by the four model cases ranks from top to bottom in the order of the 
three-phase fixed ν*m, two-phase fixed ν*m, two-phase variable ν*m, and the three-phase 
variable ν*m, with the last three cases converging into a narrower, lower band. This 
observation explains the trend shown in Figure 6.17. 
 Another trend that can be observed in Figure 6.18 is that the variable Poisson’s 
ratio assumption actually rotated the three-phase model predicted master curve clockwise, 
and now the prediction agrees well with the measured E* data of the mixture 6495 
especially at the higher loading frequency range above 10 ~ 100 Hz. Considering that the 
inputs such as the aggregate modulus and the asphalt binder Poisson’s ratio used in these 
model predictions were roughly assumed based on available literatures, the result shown 
in Figure 6.18 seems quite promising. 
With the observation made in this section, the variable Poisson’s ratio three-phase 
differential scheme model will be further evaluated for applications to coarse mixtures, 
which contain various percentages of air voids. 
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 6. 3 Sequential Three-phase Differential Scheme Model Predictions 
 
The difficulty in obtaining the exact solution of the complex shear modulus of 
three-phase porous media was discussed in section 3.4.2. Nevertheless, motivation has 
been presented in previous sections for taking into account the effect of air voids in the 
HMA mixtures tested in this study. Therefore, it was proposed to take a sequential 
approach [Kim and Buttlar 2009] as an alternative to the multi-phase porous media 
modeling. The approach was already used in the sensitivity analysis of two-phase elastic 
sphere model to air void contents. Two steps were used to obtain the effective complex 
modulus of HMA mixtures using two sets of differential scheme solutions. Now, the 
variable Poisson’s ratio three-phase model solutions in equation (3.61) will be first used 
to obtain the effective complex modulus of HMA mixtures with the zero air voids. Then, 
the same two-phase porous medium solutions in equation (3.58) will be used to calculate 
the final effective modulus of the porous mixtures. In the second step, it should be noted 
that the zero-void effective modulus and the effective Poisson’s ratio obtained in the first 
step are used as the matrix input, and a predetermined volume concentration of air voids 
will be used as the inclusion volume concentration, as described in Figure 3.4 of section 
3.5. 
Using this sequential three-phase differential scheme modeling approach, the stiffening 
ratio curves of the three asphalt binders were predicted. The results are presented in 
Figure 6.19 with measured stiffening ratio data of all mastics and mixtures superimposed 
at the reduced loading frequency of 10 Hz. For the Bin1 and Bin2 asphalt mixtures, it was 
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assumed that the air void content in mastics and mixtures increases gradually from zero at 
the aggregate volume concentration of 0.5 to 4 % at the volume concentration of 0.88 to 
obtain the stiffening ratio curves in Figure 6.19. Any points within the range were 
interpolated by a linear trend line. For the HL20 mixtures, it was assumed that the air 
void content in mastics and mixtures increases from zero at the aggregate volume 
concentration of 0.5 to 6 % at the volume concentration of 0.87. The measured air voids 
for the coarse mixtures P25, 6495, 6475, HL95, and HL475 were presented in Table 5.4. 
Based on the measured air void contents and the discussion in section 5.3.2, the air void 
contents of the five mixture hollow cylinder specimens were assumed to be 4, 3, 2, 6, and 
5 %, respectively. 
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Figure 6. 19 Stiffening Ratio vs. Aggregate Volume Concentration: Sequential 
Three-phase Model with Variable ν*m
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Figure 6. 20 Sequential Three-phase Differential Scheme Prediction: P25 
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Figure 6. 21 Sequential Three-phase Differential Scheme Prediction: 6495 
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Figure 6. 22 Sequential Three-phase Differential Scheme Prediction: 6475 
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Figure 6. 23 Sequential Three-phase Differential Scheme Prediction: HL95 
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Figure 6. 24 Sequential Three-phase Differential Scheme Prediction: HL475 
 
As expected, at this relatively low reduced loading frequency of 10 Hz, 
accounting for air voids did not result in a significantly better prediction, although a 
slightly reduced over prediction trend for the HL20 mixtures can be observed. The 
individual master curve prediction results for coarse mixtures are presented in Figures 
6.20 through 6.24 with measured data and the zero-void assumed three-phase model 
prediction result for comparisons.  
From the master curve plots in Figures 6.20 through 6.24, the following 
observations were made: 
 
1) The mixtures with assumed air voids showed constant modulus reductions 
over the entire loading frequency range. Interestingly, the rate of reduction 
was almost exactly twice of the assumed air void content. This observation 
was in fact expected based on the sensitivity analysis conducted in section 
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6.1.2. A plot of the effective moduli of porous material behavior was 
generated based on the P25 mixture zero-void prediction result to investigate 
the feasibility of the two-phase sphere porous model solutions. The plot is 
presented in Appendix G. From the plot, it was observed that the effective 
moduli reduction at low air void contents is fairly linear, while the moduli 
decay rapidly as the void content approaches to 1. 
 
2) The sequential model predictions were observed to match very well with the 
P25, 6495, and HL475 mixtures at higher loading frequency range, i.e., above 
103 Hz. Predictions for the 6475 and HL95 mixtures showed opposite trend, 
i.e., the sequential three-phase model significantly under predicted the 6475 
mixture, while the model significantly over predicted the HL95 mixture.  
 
3) Except the HL95 mixture case, consistent under predictions in the low 
frequency range for the other four mixtures were observed. As discussed 
earlier in section 6.1.1, this trend seems to be related to the model’s 
dependency on the asphalt binder moduli and the master curves. While the 
asphalt binder could continue to deform under very slow loading at high 
temperatures, which will result in very low stiffness, HMA concrete mixtures 
with densely packed and interlocked aggregate network could significantly 
limit the continuous deformation under the same slow loading at a high 
temperature condition, which will lead to much higher stiffness. This 
observation again indicates that, although the modeling approach became 
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more sophisticated when introducing the sequential three-phase modeling 
approach, the current model may still lack the ability to account for aggregate 
interlocking reinforcement, especially at very slow loading rates and at high 
temperatures. 
 
In summary, the sequential three-phase model appeared to predict the stiffening 
behavior of asphalt mastics and mixtures included in this study reasonably well, 
especially at fast loading rates and at low temperatures. On the other hand, although it 
was initially expected that the differential scheme modeling approach would reasonably 
approximate the particle-to-particle interaction in an indirect way, the current modeling 
approach seemed to still lack the ability to consider the effect of aggregate interaction.  
 
6. 4 Comparisons of Model Predictions; DS vs. Hirsch 
 
In addition to the model evaluations described in the previous sections, it was 
decided to compare sequential three-phase differential scheme modeling results with 
Hirsch model prediction results. The Hirsch model was selected to be the comparison 
model, because, despite its mostly empirical foundation, the model has been used by 
many researchers in the field of asphalt material research [Christensen et al. 2003, Garcia 
and Thompson 2007] with considerable successes and practicality. 
The results of the sequential three-phase model predictions discussed in the 
previous section and the Hirsch model predictions obtained using equations (2.3) and 
(2.4) in section 2.2.2 are shown in Figures 6.25 through 6.29.  
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Figure 6. 25 Hirsch vs. Sequential Three-phase Differential Scheme (3-DS): P25  
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Figure 6. 26 Hirsch vs. Sequential Three-phase Differential Scheme (3-DS): 6495 
174 
 1.E+03
1.E+04
1.E+05
1.E-03 1.E-01 1.E+01 1.E+03 1.E+05 1.E+07 1.E+09
fr  (Hz)
E*
 (M
P
a)
Hirsch
3-DS
6475
 
Figure 6. 27 Hirsch vs. Sequential Three-phase Differential Scheme (3-DS): 6475 
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Figure 6. 28 Hirsch vs. Sequential Three-phase Differential Scheme (3-DS): HL95 
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Figure 6. 29 Hirsch vs. Sequential Three-phase Differential Scheme (3-DS): HL475 
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Figure 6. 30 Model Predictions vs. Measured E* 
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 In general, it is found that the models intersect one another somewhere over the 
reduced loading frequencies investigated. Typically, the Hirsch model predictions were 
found to over predict the master curves in the lower frequency ranges, while the 
differential scheme predictions were typically found to under predict the same range. 
Figure 6.30 summarizes the comparison between the Hirsch model and the 
sequential three-phase differential scheme model using an equality plot. The Hirsch 
model approaches the unity line as the moduli increase, then crosses the unity line and 
under predicts the E* thereafter. The differential scheme prediction also approaches the 
unity line as the moduli increase, but from below. The linear trend line of the differential 
scheme predictions would might cross the unity line if the E* increases enough high, but 
that trend was not clearly seen in the plot with the limited data presented. 
In summary, it can be argued that the differential scheme modeling better 
predicted the measured E* of five mixtures compared in the low temperature range 
investigated. However, it should be reminded that the objective of this comparison was 
not to rule out one superior or inferior prediction model. 
 
6. 5 Comparisons with Louisiana Mixtures 
 
Finally, the sequential three-phase differential scheme modeling approach was 
applied to compare the model prediction result with a set of independent experimental 
data found in Mohammad et al. [2005]. The objective of this comparison was to evaluate 
the applicability of the proposed modeling approach to a more general class of HMA 
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mixtures other than the mixtures designed and tested during the experimental study of 
this thesis.  
Two different mixtures were tested for the E* under a uniaxial compression 
testing setup at the Louisiana Transportation Research Center. These two mixtures were 
plant produced asphalt-limestone aggregate mixtures as a base course mixture and a 
binder course mixture, of which the asphalt binders were a PG64-22 and a PG76-22, 
respectively.  The PG76-22 asphalt binder used for producing the binder course mixture 
was Styrene-Butadiene block copolymer modified asphalt cement, while the PG64-22 
asphalt binder was regular unmodified asphalt cement. Based on the job mix formula 
presented in their paper, the limestone aggregate volume concentration of these mixtures 
was estimated as 0.91 for both. The air void contents of these mixtures were measured as 
3.8 % for the PG64-22 mixture and 4.0 % for the PG76-22 mixture. Shear complex 
moduli (G*) of the two asphalt binders were measured using the AR 2000 rheometer, 
which is a type of dynamic mechanical analyzer similar to the one discussed in section 
4.4. Mixtures and binders were tested at five different temperatures (-10, 4, 25, 38, and 
54 ºC) and at six different loading frequencies (25, 10, 5, 1, 0.5, and 0.1 Hz). Since the 
focus of this study is in the low temperature range, only the two lowest temperature test 
data sets (-10 and 4 ºC) were used for the comparisons. Measured binder and mixture 
data were shifted at the reference temperature of 4 ºC based on the time-temperature 
superposition principle. In order to convert the complex shear modulus (G*) of asphalt 
binder into the complex bulk modulus (K*), the binder Poisson’s ratios were again 
estimated by the master Poisson’s ratio curve equations obtained from the Di-Benedetto 
et al. [2006] data. 
178 
 LTRC PG64-22 Mix
1.E+03
1.E+04
1.E+05
1.E-01 1.E+00 1.E+01 1.E+02 1.E+03
f r  (Hz)
E*
 (M
Pa
)
3-DS
LTRC Data
T ref = 4C
 
Figure 6. 31 DS Model Prediction of LTRC PG64-22 Mixture 
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Figure 6. 32 DS Model Prediction of LTRC PG76-22 Mixture 
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 The model prediction results for the two mixtures are plotted in Figures 6.31 and 
6.32. Model predictions and subsequent comparisons with measured data were performed 
using the actual test data, instead of sigmoid function fitted master curves. From the 
comparison results, it is observed that the differential scheme model predicted E* values 
matched well with the LTRC measured E* values of the PG64-22 and PG76-22 mixtures 
at the reference temperature of 4 ºC. Although a slight over prediction was observed for 
both the PG64-22 mixture data and for PG76-22 mixture data in the higher loading 
frequency range, considering the inherent variability of assumed input variables (e.g., 
binder Poisson’s ratio, aggregate modulus, and roughly estimated aggregate volume 
concentration), the comparison result is quite promising. Therefore, based on the 
observation, it can be concluded that the differential scheme modeling approach is 
applicable to predicting the viscoelastic complex modulus of typical HMA mixtures in 
the low temperature range. However, it should be noted that the proposed modeling 
approach has not been validated for the E* of HMA mixtures measured in the high 
temperature range above 4 ºC. 
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CHAPTER 7 CLOSURE 
 
7.1 Summary of Findings 
 
The Hollow Cylinder Tensile tester (HCT) was used to measure the tensile 
complex modulus (|E*|) of various asphalt materials including asphalt binders, mastics, 
and mixtures at low temperatures (e.g., -25, -10, and 5 ºC). These measurements served 
as a database in developing the differential scheme micromechanics modeling framework 
for both input variables and model validation sets. Some of the key observations and 
findings from the experimental study were summarized as follows: 
 
1) Various asphalt mastics and mixtures with gradually increased aggregate 
volume concentration showed gradual, systematic stiffening trends as the 
aggregate volume increased. However, at the highest levels of aggregate 
volume concentrations for coarse mixtures, the stiffening behavior peaked and 
even dropped slightly due to the simultaneous effect caused by increased of 
air voids. 
 
2) The stiffening potential of asphalt binder-aggregate mixtures, evaluated in 
terms of the stiffening ratio, was found to be dependent not only on the 
aggregate volume concentration, but also on the reduced loading frequency 
(fr) of |E*| master curve or the phase moduli contrast defined as the ratio of 
aggregate modulus to the asphalt binder’s complex modulus. At high 
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aggregate volume concentrations, the stiffening potential increased as the 
moduli contrast increased (or the fr decreases). On the other hand, the 
stiffening potential peaked around the moduli contrast range of 100 to 1000, 
and then decreased as the contrast continued to increase at low aggregate 
volume concentrations. 
 
3) The aggregate interlocking reinforcement effect was found to exist, especially 
in the mastics and mixtures with high aggregate volume concentration. The 
effect seemed to diminish as the volume concentration decreased and the 
moduli contrast increased (or the fr decreases). 
 
An analytical micromechanics modeling framework for predicting the |E*| of 
HMA mixtures was developed based on a differential scheme effective medium theory. 
Two-phase, three-phase, and multi-phase model cases with a sequential approach were 
examined. The |E*| prediction results from the model cases were compared to the 
experimental HCT |E*| database, another semi-empirical model (the Hirsch model), and a 
set of independent experimental data. Based upon the comparison study results, the key 
findings of this research were summarized as follows: 
 
1) The differential scheme modeling approach has the ability to predict the 
stiffening behavior of asphalt-aggregate mixtures over the entire range of 
aggregate volume concentrations with a reasonable level of accuracy. 
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2) For any given aggregate volume concentration (in other words, any mastics 
and mixtures), the differential scheme modeling approach leads to reasonable 
predictions of |E*| master curves, of which the shape of the predicted |E*| 
master curve is strongly dependent on the master curve shapes of the asphalt 
binder |E*|. 
 
3) The aggregate modulus and the Poisson’s ratio of the asphalt binder are two 
other important input variables in addition to the aggregate volume 
concentration and asphalt binder modulus. The net effects of these variables 
can be visualized on a |E*| master curve as controlling the rotation of the 
master curve with a pivot point located somewhere around the low fr range, 
depending on the values of the input variables. 
 
4) With two-phase aligned general elliptical particle models, it was found that 
the oblate spheroid particles may result in a greater stiffening potential than a 
spherical and a prolate spheroid particle. Furthermore, it was observed that the 
experimentally obtained stiffening ratios of various asphalt mixtures fell 
within a bound created by the stiffening ratio curves of the spherical particle 
model and oblate spheroid particle models. 
 
5) The sequential multi-phase differential scheme modeling approach can be 
used to obtain reasonable |E*| predictions of the HMA mixtures tested in 
tension, which contain some amount of air voids, especially at high fr ranges. 
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 6) The modeling approach under predicts the |E*| of HMA mixtures at low fr 
ranges, which indicates the model’s current inability to capture the effect of 
aggregate interlocking reinforcement. 
 
7) The differential scheme model predictions match reasonably well with the 
Hirsch model predictions for HMA mixtures included in this study. This 
observation validates the applicability of the modeling framework proposed in 
this study. 
 
8) The sequential three-phase differential scheme model predictions match 
reasonably well with a set of independently measured |E*| data of typical 
HMA mixtures used in the state of Louisiana. In addition to the Hirsch model 
comparison result; this observation further validates the applicability of the 
proposed modeling framework to a more general class of HMA mixtures in 
the low temperature range. 
 
7.2 Conclusion 
 
Based upon the findings of this study, it can be concluded that the initial 
hypothesis of the current study is proven positive. That is; 
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“A particulate composite micromechanics theory based upon continuum 
mechanics of solids can be derived and used to predict viscoelastic effective mixture 
properties of hot-mix asphalt (HMA) concrete with reasonable accuracy considering 
inherent measurement variability.” 
 
7.3 Recommendations 
 
Based upon the findings and conclusion of this study, the following 
recommendations are suggested: 
 
1) It should be emphasized that the proposed micromechanics modeling 
framework in this study was validated only for low temperature HMA |E*| 
prediction in its present form. Therefore, additional work is needed to extend 
the applicability of the modeling framework presented herein to be applicable 
to higher temperature regimes. 
 
2) Differential scheme models with non-spherical particles (oblate and prolate 
spheroids) presented in this study are limited to the aligned particle orientation 
case, which is interesting but may not be an accurate representation of HMA 
mixtures. Therefore, it is desirable to pursue a more general model case with 
random alignment of various particle shapes in the near future. 
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3) The applicability of the proposed modeling framework for the compression 
test results (e.g., LTRC measured |E*|) has not been fully validated. Further 
research efforts should be directed toward validating the modeling approach 
for predicting the HMA’s |E*| measured under different testing setups other 
than tension. 
 
4) It should be noted that the specific differential scheme models presented in 
this study were somewhat arbitrary examples of how this fundamental 
micromechanics theory can be applied to the field of asphalt materials. A 
more general and systematic approach should be pursued in order to move 
forwards practical implementation of the approach. A user-friendly program 
interface is also needed for practical implementation of the modeling approach. 
 
5) Although the importance of having realistic modeling input variables (e.g., the 
aggregate modulus and the viscoelastic asphalt binder Poisson’s ratios) has 
been noted by numerous researchers, a majority of the HMA modeling work 
reported in the literature still relies on rough assumptions and typical values. 
Thus, developing a practical yet accurate means of measuring these material 
properties is still needed. 
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APPENDIX A: 
Asphalt Binder HCT E* Test Result 
 
194 
A.1 Bin1 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  1,752   148   8  
5  1,838   237   13  
1  1,363   65   5  
-20 
0.1  949   49   5  
10  1,108   6   1  
5  1,041   14   1  
1  715   9   1  
-10 
0.1  382   5   1  
10  351   64   18  
5  331   50   15  
1  183   22   12  
0 
0.1  73   5   7  
 
 
195 
A.2 Bin2 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  1,928   176   9  
5  1,967   147   7  
1  1,937   80   4  
0.1  1,702   162   10  
-25 
0.01  1,348   247   18  
10  1,122   53   5  
5  1,051   91   9  
1  853   107   13  
0.1  504   76   15  
-10 
0.01  249   49   20  
10  225   22   10  
5  189   22   12  
1  141   5   3  
0.1  54   1   2  
5 
0.01  25   1   5  
 
 
196 
A.3 HL20 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10 2,867 84 3 
5 2,832 181 6 
1 2,681 209 8 
0.1 2,356 166 7 
-25 
0.01 1,891 116 6 
10 1,554 149 10 
5 1,399 181 13 
1 1,161 99 9 
0.1 699 136 19 
-10 
0.01 373 76 20 
10 404 37 9 
5 340 20 6 
1 208 17 8 
0.1 79 5 6 
5 
0.01 30 2 5 
 
 
 
197 
  
 
 
 
 
 
 
 
APPENDIX B: 
Asphalt Binder DMA G* Test Result 
 
198 
B.1 Bin2 DMA G* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) G* (MPa) σ %σ 
10  327   175   54  
5  330   178   54  
1  332   185   56  
0.1  311   166   53  
-25 
0.01  301   135   45  
10  371   56   15  
5  351   50   14  
1  300   34   11  
0.1  201   16   8  
-10 
0.01  115   5   5  
10  163   22   13  
5  130   17   13  
1  72   6   8  
0.1  24   2   8  
5 
0.01  6   1   9  
 
199 
B.2 HL20 DMA G* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) G* (MPa) σ %σ 
10  2,239  200  9 
5  2,164   183   8  
1  2,038   124   6  
0.1  1,791   83   5  
-25 
0.01  1,457   39   3  
10  482   46   10  
5  461   50   11  
1  424   60   14  
0.1  343   58   17  
-10 
0.01  250   33   13  
10  334   71   21  
5  291   56   19  
1  191   19   10  
0.1  70   6   9  
5 
0.01  18   2   9  
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APPENDIX C: 
Asphalt Mastics and Mixtures HCT E* Test Result 
 
201 
 C.1 P25 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  31,214   1,071   3  
5  31,004   1,199  4  
1  29,490   1,186  4 
-20 
0.1  27,437   917  3 
10  25,675   961  4  
5  25,988   1,039   4 
1  24,015   940  4 
-10 
0.1  20,695   957   5  
10  20,066   1,144   6  
5  19,525   781  4  
1  16,990   934   5  
0 
0.1  13,143   719   5  
 
 
202 
 C.2 P19 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  29,223   2,463   8  
5  29,324   3,250   11  
1  28,157   2,827   10  
-20 
0.1  26,978   2,032   8  
10  26,072   1,888   7  
5  25,996   1,909   7  
1  23,520   1,653   7  
-10 
0.1  20,335   1,305   6  
10  22,693   6,235   27  
5  22,855   6,167   27  
1  17,282   2,283   13  
0 
0.1  12,838   1,807   14  
 
 
 
203 
 C.3 P125 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  29,292   468   2  
5  28,915   1,143   4  
1  26,271   1,069   4  
-20 
0.1  24,274   1,656   7  
10  29,824   4,638   16  
5  26,232   3,972   15  
1  21,439   2,916   14  
-10 
0.1  17,850   2,845   16  
10  17,460   1,920   11  
5  17,599   1,550   9  
1  13,974   1,082   8  
0 
0.1  9,161   895   10  
 
204 
 C.4 P475 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  22,021   806   4 
5  22,617   909   4 
1  20,740   1,070  5 
-20 
0.1  18,586   851   5 
10  18,246   374   2 
5  18,288   336   2 
1  15,794   310   2 
-10 
0.1  12,045   157   1 
10  12,161   305   3 
5  11,691   352   3 
1  9,003   422   5 
0 
0.1  5,674   461   8 
 
205 
 C.5 P236 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  17,808   724   4  
5  16,798   1,247   7  
1  14,853   357   2  
-20 
0.1  12,511   2   0  
10  10,649   540   5  
5  10,645   687   6  
1  9,343   1,134   12  
-10 
0.1  6,529   432   7  
10  7,159   394   5  
5  6,599   808   12  
1  4,629   345   7  
0 
0.1  2,401   179   7  
 
206 
 C.6 P118 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  14,321   877   6  
5  14,709   757   5  
1  13,342   671   5  
-20 
0.1  11,009   475   4  
10  10,764   67   1  
5  10,661   269   3  
1  8,766   227   3  
-10 
0.1  5,809   238   4  
10  5,526   288   5  
5  5,188   178   3  
1  3,504   134   4  
0 
0.1  1,590   87   5  
 
207 
 C.7 P06 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  11,255   505   4  
5  11,132   539   5  
1  10,435   487   5  
0.1  9,476   458   5  
-25 
0.01  7,992   559   7  
10  8,054   419   5  
5  7,393   257   3  
1  6,115   254   4  
0.1  4,271   188   4  
-10 
0.01  2,516   107   4  
10  2,506   105   4  
5  2,254   95   4  
1  1,368   63   5  
0.1  518   22   4  
5 
0.01  152   7   5  
 
208 
 C.8 P03 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  7,955   305   4  
5  7,811   379   5  
1  7,446   322   4  
0.1  6,652   375   6  
-25 
0.01  5,574   191   3  
10  5,379   244   5  
5  4,839   224   5  
1  4,021   211   5  
0.1  2,725   148   5  
-10 
0.01  1,525   94   6  
10  1,545   90   6  
5  1,505   65   4  
1  783   53   7  
0.1  289   22   8  
5 
0.01  87   7   8  
 
209 
 C.9 P200 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  5,042   220   4  
5  4,852   244   5  
1  4,559   224   5  
0.1  4,026   185   5  
-25 
0.01  3,241   158   5  
10  3,066   97   3  
5  2,780   143   5  
1  2,249   164   7  
0.1  1,451   96   7  
-10 
0.01  766   45   6  
10  809   42   5  
5  676   27   4  
1  402   7   2  
0.1  147   3   2  
5 
0.01  47   2   4  
 
210 
 C.10 HL200 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  6,421   298   5  
5  6,277   382   6  
1  5,986   352   6  
0.1  5,296   394   7  
-25 
0.01  4,324   432   10  
10  4,239   181   4  
5  3,845   125   3  
1  3,172   86   3  
0.1  2,132   63   3  
-10 
0.01  1,190   33   3  
10  1,219   24   2  
5  1,157   12   1  
1  636   8   1  
0.1  239   6   2  
5 
0.01  74   2   3  
 
211 
 C.11 6495 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  29,950   1,006   3  
5  29,676   1,122   4  
1  28,660   1,251   4  
0.1  26,627   1,718   6  
-25 
0.01  24,544   1,951   8  
10  23,595   2,252   10  
5  23,675   1,922   8  
1  21,880   1,598   7  
0.1  19,258   1,403   7  
-10 
0.01  16,055   1,311   8  
10  16,797   2,415   14  
5  15,947   1,472   9  
1  13,462   1,354   10  
0.1  9,504   1,125   12  
5 
0.01  5,756   844   15  
 
212 
 C.12 6475 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  26,860   450   2  
5  27,634   403   1  
1  26,370   529   2  
0.1  24,825   528   2  
-25 
0.01  23,126   540   2  
10  22,062   2,000   9  
5  22,345   2,318   10  
1  20,346   2,317   11  
0.1  17,262   2,168   13  
-10 
0.01  13,659   1,835   13  
10  13,891   1,056   8  
5  12,938   874   7  
1  10,536   638   6  
0.1  7,014   512   7  
5 
0.01  4,013   383   10  
 
213 
 C.13 HL95 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  23,543   1,406   6  
5  23,638   1,137   5  
1  22,686   1,592   7  
0.1  21,544   1,474   7  
-25 
0.01  20,318   1,367   7  
10  21,484   2,274   11  
5  21,068   1,954   9  
1  19,329   2,033   11  
0.1  17,454   1,766   10  
-10 
0.01  14,898   1,503   10  
10  13,218   1,378   10  
5  12,351   1,149   9  
1  9,928   1,113   11  
0.1  6,255   729   12  
5 
0.01  3,210   458   14  
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 C.14 HL475 HCT E* Test Summary 
Temperature 
(ºC) 
Loading 
Frequency (Hz) E* (MPa) σ %σ 
10  23,964   570   2  
5  24,825   701   3  
1  24,293   891   4  
0.1  23,132   418   2  
-25 
0.01  21,657   411   2  
10  20,960   772   4  
5  20,890   718   3  
1  19,255   593   3  
0.1  16,973   757   4  
-10 
0.01  14,055   810   6  
10  12,361   173   1  
5  11,418   220   2  
1  9,204   110   1  
0.1  6,070   120   2  
5 
0.01  3,361   105   3  
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APPENDIX D: 
HCT Measured Stiffening Ratio of Mastics and Mixtures 
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D. 1  Stiffening Ratios of First Round Mastics and Mixtures 
Bin1 P118 P236 P475 P125 P19 P25 
f (Hz) 
E*r E*r E*r E*r E*r E*r E*r
1.00E+06  1.0   7.2   8.2   11.1   16.1   14.3   14.7  
5.00E+05  1.0   7.4   8.5   11.6   16.7   15.2   15.4  
1.00E+05  1.0   8.1   9.2   13.0   18.8   17.8   17.6  
1.00E+04  1.0   9.6   11.0   16.3   23.5   23.8   22.6  
5.00E+03  1.0   10.2   11.7   17.6   25.5   26.5   24.9  
1.00E+03  1.0   11.8   13.7   21.8   31.6   35.0   32.0  
5.00E+02  1.0   12.6   14.9   24.1   35.1   39.9   36.2  
1.00E+02  1.0   14.9   18.2   31.4   46.2   56.1   50.3  
1.00E+01  1.0   18.6   24.7   47.9   72.7   96.3   88.1  
5.00E+00  1.0   19.7   27.1   54.6   84.2   113.7   106.2  
1.00E+00  1.0   21.6   32.8   73.8   118.6   164.5   167.7  
1.00E-01  1.0   20.9   38.1   105.8   186.6   245.9   328.4  
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D. 2  Stiffening Ratios of First Round Mastics and Mixtures 
Bin2 P200 P03 P06 6475 6495 
f (Hz) 
E*r E*r E*r E*r E*r E*r
1.00E+08  1.0   2.6   4.1   5.8   13.8   14.8  
1.00E+07  1.0   2.6   4.2   6.0   14.3   15.5  
1.00E+06  1.0   2.6   4.3   6.2   15.4   16.7  
1.00E+05  1.0   2.7   4.5   6.6   17.2   18.9  
1.00E+04  1.0   2.8   4.9   7.2   20.5   22.8  
1.00E+03  1.0   3.0   5.5   8.1   26.3   30.0  
1.00E+02  1.0   3.2   6.2   9.4   37.1   43.3  
1.00E+01  1.0   3.4   6.7   10.7   56.5   68.2  
1.00E+00  1.0   3.3   6.6   11.2   88.1   111.4  
1.00E-01  1.0   2.7   5.4   9.5   128.3   172.4  
1.00E-02  1.0   1.8   3.3   5.9   154.7   225.2  
1.00E-03  1.0   1.0   1.5   2.4   137.0   221.7  
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D. 3  Stiffening Ratios of Second Round HL Modified Mixtures 
HL20 HL200 HL475 HL95 
f (Hz) 
E*r E*r E*r E*r
1.00E+08  1.0   2.3   8.4   8.1  
1.00E+07  1.0   2.3   8.8   8.6  
1.00E+06  1.0   2.4   9.5   9.4  
1.00E+05  1.0   2.5   10.6   10.6  
1.00E+04  1.0   2.6   12.3   12.6  
1.00E+03  1.0   2.8   15.3   16.0  
1.00E+02  1.0   3.0   20.5   21.7  
1.00E+01  1.0   3.1   29.7   31.9  
1.00E+00  1.0   3.2   46.3   49.6  
1.00E-01  1.0   3.0   74.3   77.1  
1.00E-02  1.0   2.5   113.0   107.7  
1.00E-03  1.0   1.8   143.7   114.8  
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APPENDIX E: 
Two-phase Elastic Sphere Model Predicted Master Curves with Fixed Poisson’s Ratio 
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E. 1  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P25 
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E. 2  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P19 
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E. 3  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P125 
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E. 4  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P475 
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E. 5  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P236 
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E. 6  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P118 
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E. 7  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: 6495 
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E. 8  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: 6475 
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E. 9  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P06 
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E. 10  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P03 
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E. 11  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: P200 
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E. 12  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: HL95 
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E. 13  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: HL475 
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E. 14  Two-phase Elastic Sphere Model Prediction with Fixed ν* = 0.499: HL200 
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APPENDIX F: 
Two-phase Elastic Sphere Model Predicted Master Curves with variable Poisson’s Ratio 
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F. 1  Two-Phase Sphere Model with Variable ν*: P25 
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F. 2  Two-Phase Sphere Model with Variable ν*: P19 
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F. 3  Two-Phase Sphere Model with Variable ν*: P125 
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F. 4  Two-Phase Sphere Model with Variable ν*: P475 
 
239 
 P236
1.E+02
1.E+03
1.E+04
1.E+05
1.E-01 1.E+01 1.E+03 1.E+05 1.E+07
f r (Hz)
E*
 (M
Pa
)
HCT measured
Two-phase DS
 
F. 5  Two-Phase Sphere Model with Variable ν*: P236 
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F. 6  Two-Phase Sphere Model with Variable ν*: P118 
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F. 7  Two-Phase Sphere Model with Variable ν*: 6495 
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F. 8  Two-Phase Sphere Model with Variable ν*: 6475 
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F. 9  Two-Phase Sphere Model with Variable ν*: P06 
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F. 10  Two-Phase Sphere Model with Variable ν*: P03 
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F. 11  Two-Phase Sphere Model with Variable ν*: P200 
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F. 12  Two-Phase Sphere Model with Variable ν*: HL95 
 
247 
 HL475
1.E+02
1.E+03
1.E+04
1.E+05
1.E-03 1.E-01 1.E+01 1.E+03 1.E+05 1.E+07 1.E+09
f r (Hz)
E*
 (M
Pa
)
HCT measured
Two-phase DS
 
F. 13  Two-Phase Sphere Model with Variable ν*: HL475 
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F. 14  Two-Phase Sphere Model with Variable ν*: HL200 
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Appendix G: 
Two-phase Spherical Porous Model Check 
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G. 1 Two-phase Differential Scheme Model Prediction of Porous Medium 
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